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ABSTRACT 

The  existence  of  traveling  wave  solutions  for  equations  of  the  form 

u  ■  u  ♦  F’(u)  is  considered.  All  that  is  assumed  about  F  is  that  it  is 

t  xx 

sufficiently  smooth,  lim  F(u)  *  F  has  only  a  finite  number  of  critical 

|u|+» 

points,  each  of  which  is  nondegenerate,  and  if  A  and  B  are  distinct 
critical  points  of  F,  then  F{ A)  t  F(B).  The  results  describe  when,  for  a 
given  function  F,  there  must  exist  zero,  exactly  one,  a  finite  number,  or  an 
infinite  number  of  waves  which  connect  two  fixed,  stable  rest  points.  The 
main  technique  is  to  identify  the  phase  planes,  which  arise  naturally  from  the 
problem,  with  an  array  of  integers.  While  the  phase  planes  may  be  very 

complicated,  the  arrays  of  integers  are  always  qui te  simple  to  analyze.  Using 

the  arrays  of  integers  one  is  able  to  construct  a  directed  graph;  each  path  in 
the  directed  graph  indicates  a  possible  ordering,  starting  with  the  fastest, 
of  which  waves  must  exist.  It  is  then  a  simple  manner  to  read  off  from  the 
directed  graphs  the  number  of  waves  which  connect  two  given  stable  rest 
points. 
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V  SIGNIFICANCE  AND  EXPLANATION 

/ 

The  equation  studied  here  has  been  considered  as  a  model  for  a  variety  of 
physical  phenomena  including  population  genetics  and  nerve  conduction.  Of 
primary  interest  is  the  limiting  behavior  of  solutions  of  this  equation.  One 

expects  the  solution  eventually  to  look  like  a  traveling  wave  solution;  that 

('  -<r 

is ,  one  which  moves  with  constant  shape  and  velocity.  In  fhis  paper  w 
determine?. all  of  the  traveling  wave  solutions  of  the  equation,  showing  there 

r 

are  situations  when  the  number  of  traveling  wave  solutions  can  be  infinite. 
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§1.  Introduction 

This  paper  i«  ooncsrasd  with  proving  tho  sxistancs  of  traveling  wave  solutions  of  tha 
aquation 


(1.1)  u^  ”  uxx  ♦  f(u). 

Thin  aquation  arisas  in  various  branchas  of  aathawatieal  biology  including  population 
go na tics,  ecology,  and  narva  conduction  (aaa  (1)).  For  lost  of  tha  paper  it  will  be  aora 
convenient  to  aseusw  that  f (u)  ■  f'(u).  *11  that  wa  asstaae  about  P  is 

(a)  r  e  c2(r>, 

(b)  lie  F(u)  ■  -m, 
lul*- 

(1.2) 

(c)  F  has  only  a  finite  saber  of  critical  points, 

(d)  every  critical  point  of  F  is  nondegene rata, 

(a)  if  *  and  B  era  distinct  critical  points  of  P,  than  F(A)  P  F(B). 

By  a  traveling  wave  solution  of  equation  (1.1)  wa  Bean  a  nonconstant,  bounded 
aolution  of  tha  fora  u(s,t)  ”  0(a),  s  “  x  ♦  8t.  These  correspond  to  eolations  which 
travel  with  constant  shape  and  velocity,  the  velocity  being  9.  If  U(s)  is  a  traveling 
wave  aolution  of  equation  (1.1),  then  0  satisfies  the  first  order  system  of  ordinary 
differential  aquations 


(1.3) 


O' 

T' 


For  boundary  conditions  we  asi 


(1.4) 


lla(o,v> 


-  v 

■  6v-P'  (0). 
hm  that 
>  (*,0)  and 


list  (0,V)  *  (B,0) , 
■  ♦  «• 


where  *  and  B  are  values  where  F  assustas  a  local  eax learn.  We  are  interested  in 
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these  boundary  conditions  because  the  rtluti  where  7  assuaws  a  local  maximum  correspond 
to  tha  atabla  raat  points  of  tha  partial  differential  aquation  (1.1).  Tha  traveling  waves 
which  connect  stable  rest  points  are,  therefore,  tha  ones  of  acre  physical  Interest.  Xt 
now  becomes  convenient  to  make  tha  following  definition. 

Definition i  if  (0,V)  is  a  solution  of  (1.3)  and  (1.4),  then  0  is  an  A  ♦  » 
connection. 

we  assume  throughout  this  paper  that  the  speed,  0,  is  positive,  this  simply  means 
that  we  consider  only  waves  which  nova  to  the  left.  Note  that  if  0{x,t)  is  a  traveling 
wave  eolution  moving  to  the  left  with  speed  6,  then  0(-x,t)  is  a  traveling  wave  solution 
moving  to  the  right  with  speed  -0. 

The  assumption  0  >  0  implies  that  if  0  is  an  1*1  connection,  then 
7(A)  <  7(B).  Tto  see  why  this  is  true  consider  the  function 

V2 

(1.5)  11(0,  V)  -  f-  *  F(0) . 

Using  (1.3)  one  finds  that 

(1.6)  H(0,V)  -  992  . 

Hence,  0  >  0  implies  that  R  is  increasing  on  solutions  of  (1.3).  Nhen  s  * 

11(0, V)  -  7(A),  while  when  s  -  H(0,V)  -  K»).  Hence,  7(A)  <  7(B). 

The  case  when  7(0)  has  exactly  two  local  maxima  has  been  considered  by  a  maaber  of 
authors  (see  (11  for  references).  In  thin  case  7'(0)  has  tha  familiar  cubic  shape. 

Some  work  on  the  multistable  case  has  been  done  by  Fife  and  McLeod  (2).  Fife  and  McLeod 
also  considered  the  stability  of  traveling  wave  solutions.  They  showed  that  the  monotone 
waves  which  connect  e table  rest  points  are  stable.  Hagan  (3)  also  considered  the  question 
of  stability.  He  proved  that  the  no mono  tone  waves  which  connect  stable  rest  points  are 
unstable. 

The  (0»V)  phase  plane  la  the  natural  place  to  study  the  solutions  of  system 


(1.3).  In  the  phase  plane,  the  local  maxima  of  7  correspond  to  saddles,  while  traveling 
weve  solutions  correspond  to  trajectories  which  "connect*  the  saddles.  One  can  only 
expect  saddle-saddle  connections  to  exist  for  special  values  of  the  speed  6.  One  of  the 


difficult!**  in  proving  th*  *xi*t*nc*  of  traveling  wav*  volution*  i*  that  on*  do**  not 
know,  a  priori,  what  th*  *p**ds  of  th*  wav**  ar* ■ 

Th*  problaa  with  pha*«  plan*  analyal*  i*  that  th*  ph**«  plan**  become  nuch  too 
complicated  for  a  g*n*ral  function  P.  To  illustrate  th*  approach  w*  tak*,  l*t  P  b*  a* 
shown  in  Pigur*  1. 


Pigur*  1.  Notice  that  th*  local  waxina  of  P  ar*  ord*r*d  according 
to  th*  height  determined  by  F. 

W*  suppose  that  th*r«  ar*  four  values  of  0,  say  A,  B,  C,  and  D,  where  P  assumes  a 
local  maximum.  Assume  that  A  <  B  <  C  <  D  and  P(D)  >  P(A)  >  P(C)  >  P(B>.  Notice  that 
in  Pigur*  1,  w*  ordered  th*  critical  points  according  to  th*  height  determined  by  P. 

That  is,  w*  assign  to  th*  critical  points  A,  B,  C,  and  D,  th*  in t* gars  3,  1,  2,  and  4, 
respectively.  Unless  stated  otherwise  ws  always  order  th*  local  maxima  of  P  in  this 
manner.  Our  description  of  how  many  traveling  waves  exist  shall  be  in  terms  of  this 
ordering.  Two  functions  which  satisfy  the  conditions  (1.2)  ar*  said  to  be  in  the  same 
equivalence  class  If  they  have  th*  sam*  ordering  of  their  local  maxima.  Hence,  given  a 
positive  Integer  n,  each  permutation  of  the  set  {1,2,..,n}  determines  a  unique 
equivalence  class  of  functions. 

The  first  step  in  analysing  th*  problem  is  to  consider  th*  phase  plan*  when  9  is 
very  large,  say  9  “  9q.  If  9q  Is  sufficiently  large,  then  th*  phase  plan*  looks, 
qualitatively,  like  what  is  illustrated  in  Pigur*  2a.  As  9  approaches  th*  unstable 
trajectories  (those  trajectories  which  approach  a  saddle  in  backwards  time)  become 


increasingly  vertical,  while  the  stable  trajectories  (those  trajectories  which  approach  s 
saddle  in  forwards  ties)  be com  increasingly  horizontal.  These  stataasnts  shall  be  made 
sore  precise  in  a  later  section.  In  Figure  2b  we  show  the  phase  plana  for  ©  -  0. 


Figure  2.  Phase  planes  for  System  1.2  where  F  is  as  shown  in  Figure  1. 

In  (A)  the  speed,  8,  is  very  large,  and  in  (B>,  9-0. 

Tha  next  step  is  to  start  decreasing  ©  frost  6#.  As  0  decreases,  the  phase  plane 

changes  in  a  continuous  Banner,  at  least  until  the  first  saddle-saddle  connection  is 

reached.  Because  we  are  starting  froa  8  very  large,  the  first  saddle-saddle  connection 

corresponds  to  the  fastest  traveling  wave.  There  are  different  possibilities  for  what  the 

fastest  wave  say  be,  depending  upon  the  specific  nature  of  the  function  F.  However,  by 

comparing  the  phase  plane  for  8-8  with  that  for  8-0  one  is  able  to  determine  all 

o 

tha  possibilities  for  the  fastest  wave.  For  a  function  in  the  equivalence  class  Shown  in 
Figure  1,  these  possibilities  are  the  1  ♦  3,  1  ♦  2,  and  2  ♦  4  connections.  Of  course, 
which  one  of  these  waves  is  the  fastest  wave  depends  on  the  specific  function  F. 

After  the  fastest  connection  has  taksn  place,  the  qualitative  features  of  the  phase 
plane  changes.  This  is  shown  in  Figure  3.  We  now  decrease  8  further  and  determine,  by 
comparing  the  new  phase  planes  with  the  phase  plane  at  8-0,  all  the  possibilities  for 
the  second  fastest  wave.  For  example,  if  the  fastest  wave  corresponds  to  a  1*3 
connection  then  the  possibilities  for  the  second  fastest  wave  correspond  to 


-4— 


/\  /i\  /\/i\  /i\  /\  m 


rigor*  3 


The  directed  graph  for  the  equivalence  class  oC  functions 
shown  in  Figure  t. 


On*  approach  to  constructing  tha  directed  graph  would  ba  to  draw  a  lot  of  phase 
planes,  this  would  ba  vary  tedious,  if  not  impossible,  because  tha  phase  planes  beoosia 
very  complicated.  Our  approach  is  to  assign  to  each  phase  plane  an  array  of  integers!  the 
idea  being  that  while  the  phase  planes  eay  be  very  complicated  the  arrays  of  integers  will 
be  quite  simple .  the  arrays  of  integers  will  contain  all  the  information  needed  about 
each  phase  plane  in  order  to  construct  the  directed  graphs.  Mote  that  in  order  to 
construct  a  directed  graph  we  must  be  able  to  do  two  things.  First  of  ali,  given  a 
particular  phase  plane,  we  must  be  able  to  determine  all  of  the  possibilities  for  the  next 
fastest  traveling  wave.  Hence,  we  need  a  schsms  which  tells  us  how  to  detemine  these 
possibilities  by  just  considering  the  array  of  integers  corresponding  to  the  phase 
plane.  Secondly,  the  qualitative  features  of  the  phase  plane  changes  after  a  particular 
connection  has  taken  place.  Hence,  the  array  of  integers  might  also  change  after  a 
connection.  Therefore,  we  need  an  algorithm  which  describes  how  to  change  the  array  of 
Integers  after  a  connection  has  occurred. 

In  the  next  section  wa  show  how  to 

(a)  assign  an  array  of  integers  to  each  phase  plane, 

(1.7)  (b)  determine  what  the  possibilities  are  for  the  next  fastest  weve  by  just 

considering  the  array  of  integers, 

(c)  change  the  array  of  integers  after  a  connection  has  taken  place. 

Before  proceeding  we  introduce  scam  notation.  By  a  critical  point  we  shall  always 
mean  a  value  of  O  at  which  F  assumes  a  local  maximum.  The  letters  A,  B,  C,  D,  and 
I  will  always  be  critical  points.  We  let  A  »  (A,0 ) .  This  denotes  the  saddle  in  the 
phase  plane  corresponding  to  the  critical  point  A.  Recall  that  the  critical  points  of 
F  are  ordered  according  to  the  height  determined  by  F.  Hence,  to  each  critical  point 
there  corresponds  an  Integer.  We  denote  the  integer  corresponding  to  A  by  A*. 

To  each  saddle.  A,  and  9  >  0  there  corresponds  two  unstable  trajectories.  Ws 
denote  these  trajectories  by  and  A^fs,®).  emphasise  the  0  and  V 

coodlnates  of  these  trajectories  we  let  w  s,6)  “  (A^|(s,9),  A^(s,6))  and 

-6- 


2.  Rule*  for  Constructing  the  Directed  Graphs 

The  simplest  way  to  illustrate  how  to  perform  the  operations  described  in  (1.7)  is 

with  a  specific  example.  Suppose  that  F  is  in  the  equivalence  class  of  functions 

illustrated  in  Figure  1,  and  when  8  -  0  ,  the  phase  plane  is  as  shown  in  Figure  4.  Only 

o 

the  unstable  trajectories  are  shown  in  Figure  4  because,  in  order  to  perform  the 
operations  described  in  (1.7),  that  is  all  we  need  to  know.  As  usual  we  have  ordered  the 
saddles  according  to  the  height  determined  by  F. 


Figure  4.  The  array  of  numbers  associated  with  this  phase  plane  is 
314 

32214  . 

He  now  describe  how  to  construct  the  array  of  integers  corresponding  to  the  phase 
plane  shown  in  Figure  4.  The  first  step  is  to  draw  a  big  rectangle,  R ,  around  all  of  the 
rest  points.  In  the  next  section  we  show  that  R  can  be  chosen  so  that  all  of  the 
connections,  for  all  values  of  6,  lie  Inside  of  it.  It  is  also  shown  in  the  next 
section  that  R  can  be  chosen  so  that  the  unstable  trajectories  can  only  leave  R 


through  cither  it*  top  or  bottom  aides.  The  next  step  In  assigning  an  array  of  Integers 
to  the  phase  plane  Is  to  locate  those  points  on  the  top  and  bottoe  sides  of  R  which  lie 
on  one  of  the  unstable  trajectories.  It  is  possible  that  one  of  the  unstable  trajectories 
crosses  the  boundary  of  R  more  than  once.  We  only  consider  those  points  on  the  boundary 
of  R  which  correspond  to  the  first  time  that  an  unstable  trajectory  leaves  R .  To  each 
one  of  these  points  there  corresponds  an  integer)  the  integer  corresponds  to  the  saddle  on 
whose  unstable  trajectory  the  point  lies.  We  now  have  two  list  of  Integers.  One  Is 
associated  with  the  top  side  of  R,  and  the  other  to  the  bottoa  side.  For  the  exjniple 
shown  in  Figure  4  the  two  lists  ars  {3,1,4}  and  {3,2,2, 1,4).  Combining  these  two 
Hats  we  obtains 


(2.1) 


314 

32214  . 


This  is  the  desired  array  of  integers  1 

We  dale  that  one  can  deduce  free  this  array  all  of  the  possibilities  for  the  next 
fastest  traveling  wave  solution.  The  following  two  propositions  describe  how  these 
possibilities  are  date reined. 


Proposition  2.1s  Suppose  that  the  array  corresponding  to  a  given  phase  plane,  which 


oc cures  with  speed  8  ,  is 
o 

(2.2) 


T  T 
12 


•  •  X 


*1*2 


if,  for  sons  k,  T^  <  Tfc+|,  then  there  exists  a  T.  ♦  T 


k*1 


connection  for 


e  <  e  . 

o 

e  <  e  . 

o 


If,  for 


k,  >  lfe.fi,  than  there  exists 


k+1 


**k 


connection  for 


Proposition  2.2»  The  connections  described  in  Proposition  1.1  are  all  of  the 

possibilities  for  the  next  fastest  wave.  That  is,  swpposs  that  there  exists  en  A  *  S 

connection  with  speed  9,  such  that  6,  <  0  ,  and  there  do  not  exist  any  connections  with 

1  i  o 

speed  6  e  (61,9o).  Then  there  exists  an  integer  k  such  that  either  h*  «  Tk  and 
»•  -  Tk+1.  or  A*  -  »fc4l  and  ■*  -  V 
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Let  ua  apply  these  two  propositions  to  the  phase  plan*  shown  in  Figure  4. 

Considering  the  array  (2.1)  we  find  that  the  possibilities  for  the  next  fastest  wave 

correspond  to  1+4,  2  ♦  3,  and  1+2  connections.  Mote  that  a  1+3  connection  eay 

or  nay  not  exist  for  scsm  6  e  (0,8°),  but  it  cannot  correspond  to  the  next  fastest 

wave.  Furthermore,  1+4,  2  +  3,  and  1  +  2  connections  must  all  exist  for  sons  speeds 

less  than  6  . 

o 

We  now  need  an  algorithm  which  tells  us  how  the  array  changes  after  a  connection  has 

taken  place,  this  algorithm  is  described  in  the  next  proposition.  For  this  proposition 

we  assume  that  the  array  is  known  for  same  value  of  the  speed,  say  8  ■  8  .  ws  also 

o 

assume  that  there  exists  8^  <  0q  such  that  no  connections  exist  with  speed 
6  e  (8, ,8  ),  and  an  A  ♦  B  connection  exists  with  speed  8  .  For  no m,  we  assume  that 

■  O  I 

there  is  only  one  connection  with  speed  0^.  After  the  proof  of  Proposition  2.3  in 
Section  4b  we  discuss  what  happens  if  there  exist  more  than  one  wave  with  the  same 
speed.  Mote  that  there  must  be  two  B'a  in  the  array  since  to  each  saddle  there 
corresponds  two  unstable  directions.  Of  course,  there  are  two  A's  also,  but  the 
'other  A'  will  play  no  role.  In  the  proposition  ws  consider  two  cases  depending  on 
whether  the  'other  B'  is  on  the  top  or  the  bottom  of  the  array. 

Proposition  2.3.  If  the  other  B  is  on  the  bop,  then  after  the  A  +  B  connection 
everything  in  the  array  remains  exactly  the  same  except  the  A  is  moved  to  the  immediate 
right  of  the  other  B.  If  the  other  B  is  on  the  bottom,  then  after  the  A  +  B 
connection  everything  in  the  array  remain  exactly  the  same  except  the  A  is  moved  to  the 
immediate  left  of  the  other  B. 

Bere  are  two  examples  of  what  may  happen i 


(a) 


■ *AB* *  B* • 


A+B 


♦»B««BA«* 
•  •  •  • 


(b) 


• *AB*  * •  A+B  »  »B‘ »« 

••B»*  ••AB»* 
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Applying  this  proposition  to  the  phase  plana  shown  in  Figure  4  we  obtain  the  following 


portion  of  the  graph > 


This  completes  our  description  of  how  to  perform  the  three  operations  described  in 

(1.7).  However,  it  remains  to  das»nstrate  how  one  begins  the  directed  graph.  That  is. 

the  directed  graph  is  generated  by  a  particular  array.  This  array  corresponds  to  the 

phase  plane  when  the  speed.  8,  is  very  large.  To  determine  this  array  we  use  the  fact. 

which  will  be  proved  in  the  next  section,  that  then  8  is  very  large,  the  unstable 

trajectories  are  nearly  vertical.  Hence,  if  the  ordering  of  the  saddles  is 

A1.  Aj,  ....  A^.  then  the  generator  of  the  graph  is  the  array 

A.A.  ...  A 

JLi _ fi 

*1*2  •**  *n 

For  example,  if  f  is  in  the  equivalence  class  of  functions  shown  in  Figure  1,  then  the 

3124 

graph  starts  with  the  array  312J  • 

Propositions  2.1.  2.2.  and  2.3  are  proved  in  Section  4.  We  now  demonstrate,  with  a 
specific  example,  how  the  propositions  are  used  to  construct  an  entire  directed  graph,  and 
how  the  graph  is  used  bo  prove  the  existence  of  traveling  wave  solutions. 

Consider  a  function  F  which  is  in  the  equivalence  class  of  functions  shown  in 
Figure  5. 


Figure  5.  For  the  equivalence  class  of  functions  shown  here  there  exists  an 
infinite  number  of  1*2  connections,  a  finite  number  of 
1*3  connections  and  precisely  one,  2  ♦  3  connection. 
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Using  the  directed  graph  we  prove  the  following. 

Theorew  2.1i  a)  There  exists  a  unique  2*3  connection 


b>  There  exists  a  finite  n caber  of  1*3  connections . 
c)  There  exists  an  infinite  nuaber  of  1*2  connections . 

We  assume  throughout  that  Theoraa  2.1a  ia  true.  The  exiatenoe  of  a  2*3 
connection  can  be  proved  ueing  a  aiaple  shooting  arguaent,  ooaparing  the  phaae  plana  for 
9  very  large  with  the  phaae  plane  when  9-0.  The  exietence  and  unique neae  of  a 
2*3  connection  alao  follows  from  our  later  results. 

To  prove  Theoraa  2. 1b  and  c  we  consider  the  graph  oorreeponding  to  the  equivalence 
claea  of  functions  shown  in  Figure  5.  Mote  that  the  graph  ia  generated  by  the  array 

.  The  rest  of  the  directed  graph  ia  constructed  using  Propositions  2.1,  2.2,  and 
2.3.  It  is  shown  on  Figure  6. 


j  Figure  6.  The  directed  graph  associated  with  the  equivalence  class  of 

functions  shown  in  Figure  6. 

i 
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Note  that  tha  function  r  determine*  a  path  in  tha  diractad  graph  ahown  in  Figure  6. 

Nhat  wa  know  about  tha  path  ao  far  ia  that  it  mat  a  tart  at  tha  noda  ~~  ,  obay  tha 

arrow*,  and  eventually  croaa  an  adga  which  corraaponda  to  a  2*3  connection*  note  that 

there  ia  only  one  adga  which  corraaponda  to  a  2  ♦  1  connection  in  tha  entire  diractad 

graph.  Hence,  tha  path  correaponding  to  P  mat  eventually  be  at  tha  array  . 

Once  tha  path  raachaa  thie  array,  it* a  only  choice  ia  to  go  around  loop  in  figure  6 

correaponding  to  a  1*2  connection.  According  to  Propoaition  2. 1  tha  path  can  newer 

atop.  It  ia  forced  to  go  around  tha  1*2  loop  an  infinite  number  of  tinea.  Thie 

iapliaa  that  there  met  axiat  an  infinite  number  of  1*2  connectiona.  Da  ahall  aaa 

later  that  the  mnbar  of  1*2  connectiona  ia  countably  infinite.  If  tha  apeeda  of 

theae  wawaa  are  {8^},  than  ®k  ■  0.  In  fact,  wa  ahall  prove  tha  following. 

Propoaition  2.4«  For  any  P  which  aatiafiaa  (1.2)  and  any  8^  >  0,  there  can  axiat  at 

mat  a  finite  number  of  connectiona  with  apeeda  greater  than  8  . 

o 

Thie  laat  etatanent  ia  need  to  prove  Theorem  2.1b.  The  2*3  connection  nuat  occur 
with  acme  finite  apaed,  aay  8^  There  certainly  aren't  any  1*3  connectiona  with 
apeeda  leea  than  becauee  then  we  are  caught  in  the  1*2  loop.  Since  there  are 
only  a  finite  number  of  wavea  with  apeeda  greater  than  8?,  there  can  axiat  at  mat  a 
finite  number  of  1*3  connectiona. 
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Recall  from  (1.5)  and  (1.6)  that  tha  function  H(U,V) 


♦  F(D)  is  constant  on 


2 


solutions  whan  9-0.  Tharafora,  if,  on  a  particular  trajectory,  H(0,V)  -  t,  than  tha 
curve  in  tha  phasa  plana  tracad  out  by  tha  trajectory  is  axplicitaly  given  by  tha  formula 

(3A.1)  V  -  *  {2(lt-F(0)>}1^  . 

Suppose  that  tha  critical  points  A  and  B  satisfy  A  <  B  and  F(A)  <  F(B) .  Zt  than 
follows  that  A^s,**)  “  A^(s.o).  In  fact,  (3A.1)  shows  that  tha  top  half  of  tha 

trajectory  is  given  by  V  -  +  {2 (f(a)-f(O) )}^ ,  while  tha  botton  half  is  given  by 
V  -  -{2(F(A)-F(U))}^ .  Since  Aggts.o)  approaches  A  in  both  forwards  and  backwards 
tine  we  say  that  A^ls^)  is  a  hcnoclinic  orbit.  A  similar  analysis  shows  that  if 
A  >  B  and  F( A)  <  F(B) ,  then  A^Il,)  -  A„h(s,0). 

Let  us  return  to  the  case  when  A  <  B  and  F(A)  <  F(B).  Let  0  -  inf  {OtO>A  and 
F(U)  -  F( A) } .  Clearly  0  <  B.  Kota  that  A^li.O)  intersects  the  D  axis  at 
0  -  0.  Furthermore,  A  <  A^ta.O)  <  0  for  each  a  e  It.  This  result  follows  from 
(3A. 1 )• 


Mow  suppose  that  there  does  not  exist  a  critical  point  C  such  that  A  <  C  <  B 
and  F(C)  >  F(B) .  We  show  that  the  homoclinic  orbit  A|n(s,0)  "lias  between”  B^yts.o) 
and  Bgufi.O).  That  is,  given  a  e  (A,0),  there  exists  four  uniquely  determined 
constants,  V|,  Vj,  Vj,  and  V^,  such  that  <  Vj  <  0  <  Yj  <  V<(  (a,V^)  lies  on 

BgyU.O),  <u,Vj )  lies  on  Agx(s,0),  <a,V3>  lies  an  A^Cs.O),  and  (a.V^)  lies  an 

Bmf(,.°).  This  result  is  proved  by  contradiction.  Suppose,  for  example,  there  existed 
constants  a,  V},  and  such  that  A  <  u  <  0,  0  <  <  V},  (a,V})  lies  on  ANS(s,o), 

and  (a,V^)  lies  on  B(|H(s,o).  Since  H(0,V)  is  constant  on  solutions  it  follows  that 


F( A)  -  +  F(U)  and  F(B)  -  -* —  ♦  F(«). 


This  contradicts  the  asaumptlon  that  F(A)  <  F(B)  and  >  v4. 
show  that  Bnh(s,o)  and  Bm<i,o)  both  cross  each  line  0  -  o. 


One  must,  of  course, 

A  <  a  «  0,  at  a  unique 


point.  This  follow*  fro*  th*  oxpliclt  expression  for  th*  trajoctorl**  fivtn  top  (3A.1)  and 
tha  assumption  that  thar*  doss  not  sxist  a  critical  point  C  each  that  A  <  C  <  •  and 
P(C)  >  F(B) . 

Finally,  1st  D  ha  tha  rag  ion  anclosad  by  tha  honoclinic  orbit  Nw*  *,o).  In  D, 

H(0,V)  <  F( A).  It  tharafora  follow*  from  (1.5)  that  for  aach  ©  >  0,  A^Cs,©)  lias 

outs ids  D,  while  A  (s,0)  lias  inaida  D. 

Sw 

B)  Phase  Plana  for  9  Vary  Large 

Let  A  be  any  local  naxiaon  of  P.  Ha  ahow  that  aa  8  becomes  vary  large  tha 
unstable  trajectories,  *^<(,9)  and  AflN(a,S),  be  com  increasingly  vertical.  Nora 
precisely,  given  e  >  0,  thare  exists  a  constant  8(c)  such  that  if  ©  >  ©(c),  than 
A|r(c,6)  lias  entirely  inside  tha  region  8*  «  {(u,V)  i  A  <  0  <  eV  ♦  A),  and  Am(s,0) 
lias  entirely  ins ids  ths  region  8  “  {(D,V)  t  cv  ♦  A  <  0  <  A). 

The  first  step  is  to  linearis*  the  systsss  (1.3)  about  th*  saddle  A  =  (A,0).  If 
F" (A)  «  -a,  where  a  >  0,  then  the  eigenvalues  at  A  are 

»*(.)  -  itdEZls . 

An  eigenvector  corresponding  to  l+(0)  is  (1,l+(©)).  Therefore,  1^(1,©)  and 
A8N<s,6)  both  approach  A,  in  negative  tins,  tangent  to  the  line  through  (A,0 )  with 
slop*  !*(©).  Since  lin  X+(9)  -  +»  th*  claim  is  true  near  A.  TO  oosplete  the 
proof  we  note  that  both  8+  and  8~  ars  positively  invariant  for  0  sufficiently 
large.  That  is,  every  trajectory  which  lies  inside  8*  or  S-  for  mss  tins  sQ  must 
resuin  inside  8+  or  s”,  respectively,  for  c  >  sQ.  This  1s  proved  by  considering  (1.3) 
and  showing  that  at  each  point  on  th*  boundary  of  8+  or  s”,  ths  vector  field  determined 
by  th*  right  hand  side  of  (1.3)  points  into  8*  or  S_. 


i 

i 
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A  similar  argument  shews  that  as  6  baceats  wary  large  the  stable  trajectories, 
^(*,6)  and  lQ(t,6),  beccsae  increasingly  horisontal.  One  shows  that  given  e  >  0, 
there  exists  a  constant  0(c)  such  that  if  6  >  9(c),  then  l^ti.6)  lies  entirely 
inside  the  region  3*  -  {(U,V)  i  0  <  V  <  -c(C-A)},  while  A^ls,©)  lies  entirely  inside 
the  region  J  “  ((U,V)  t  -c(o-x)  <  V  <  0}.  As  before  one  proves  this  is  true  near  A 
by  linearising  the  system  (1.3)  at  A.  One  then  shown  that  3*  and  J-  are  negatively 
invariant. 

C)  The  Rectangle  R 

Given  F,  we  show  how  to  construct  the  rectangle  R  so  that  the  unstable 
trajectories  can  only  leave  R  through  its  top  or  bottom  sides.  Furthermore,  except  for 
the  connections,  each  unstable  trajectory  Bust  leave  R . 

Let  C  be  the  critical  point  at  which  F  assumes  its  absolute  maximum.  Let  D 

and  I  be  the  critical  points  which  satisfy  D  <  A  <  I  for  all  other  critical  ponta 

A.  Set  D(s)  “  D81f(s,0)  and  K(s)  “  t^li.o).  In  order  to  distinguish  the  U  and  V 

coordinates  of  these  trajectories  we  suppose  that  D(x)  -  (D1(x),Dj(x) )  and  S(s)  ■ 

(K1(s),  t2(s)>.  Mote  that  ^(1,0)  -  (D, (x),-02( s) )  and  Ksx(s,0)  -  (B1(s),Ht2(s)>. 

Furthermore,  for  all  s,  D^'ts)  <  0,  D2'(s>  <  0,  B^Mx)  >  0,  Ij'(*)  >  0, 

11m  D  (s)  ■  11m  D  (x)  -  and  lim  B  (x)  “  lie  *2(x)  -  “  .  These  facts  are  simple 
x*w  1  X-**  x***  x+w 

consequences  of  our  assumptions  and  the  form  of  system  (1.3). 

Choose  V,  so  that  ▼1  >  0  and  HIV^D)  >  F(C)  for  all  ue  (D,B>.  Let  F, 
equal  to  the  value  of  B,(x)  at  the  point  where  S2(s)  “  V,,  and  let  Rj  equal  to  the 
value  of  D1(s)  at  the  point  where  02(s)  -  -V^  Let  R  be  the  rectangle  with  corners 
et  the  points  (R^»  1^1,  (R^»  ~Vj),  (R2#  and  (R2,  “V^). 

We  now  show  that  all  of  the  unstable  trajectories  arising  from  the  saddles  can  only 

leave  R  through  Its  top  or  bottom  sides.  Note  that  on  the  trajectory 

Blw(x,0),  D'(x)  >  0  and  V'(x)  >  0.  This  is  true  for  all  0  >  0.  Furthermore, 
since  R(0,V)  <  F(B)  in  the  region  {(0,V)  1  -«2<x>  <  V  <  B2(x),  0  >  B>,  (1.6)  implies 
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that,  for  aach  8,  laavaa  R  on  it*  top  aid*.  A  similar  analyaia  shows  that, 

for  aach  8,  D^li.S)  laavaa  R  on  Its  bottom  sids  aftar  travaling  In  a  monotons 

decreasing  fashion.  Now,  fix  6  and  lat  T(z)  ba  ona  of  tha  ana tab la  trajectories  with 

corresponding  spaad  8.  Kota  that  BgglZfd)  prevanta  T(s)  from  laaving  tha  right 

sida  of  R  with  V  >  0.  Similiarly,  Dw<a,8)  pravanta  T(a)  from  laaving  tha  laft 

s Ida  of  R  with  V  <  0.  On  tha  othar  hand,  T(z>  cannot  axit  tha  right  sida  of 

with  V  <  0  or  tha  laft  sida  of  R  with  V  >  0,  bscausa  on  thosa  portions  of  tha 

boundary  tha  vac tor  f laid  dafinad  by  tha  right  hand  sida  of  (1.3)  points  into  . 

Tharefora,  T(z)  can  only  laava  R  through  its  tap  or  bottom  sidas. 

Wa  now  prova  tha  following.  Lat  T(z>  ba  ona  of  tha  unstabla  trajactorias  which 

laavas  R ,  and  lat  T(z0)  -  P  ba  tha  point  on  tha  boundary  of  R  whara  T(s)  first 

laavas  R.  As  usual,  wa  sat  I(i)  "  (T,!*),  Tj(i)).  Ns  show  that  Tjlz)  f  0  for  all 

z  >  z  .  Furthermore,  if  P  is  on  tha  top  sida  of  R,  than  11m  T  (z)  ■  lim  T_(z)  “  ", 

z+"  z*- 

while  if  P  is  on  tha  bottom  sida  of  R,  than  lim  T  (s)  «  lim  T  (z>  -  •».  ms  suppose 

Z*"  ZM» 

that  P  is  on  the  top  sida  of  R  since  tha  othar  case  is  similar.  Lat  P  -  (P^Pj). 

Suppose  that  T^Zj)  “  0  for  z1  >  *q,  and  TjU)  >  0  for  x  e  Iz^.Ej).  Since 

U*  -  V  wa  have  Tjlz,)  >  T1(zo).  Lot  8<*0>  "  H(T1(z0>,  *2*“o^  *"d 

Hlz^  -  H(T1(z1),*J(z1)).  It  follows  from  (1.6)  that  H(z0>  <  ■(x1).  Ho  show  that  this 

leads  to  a  contradiction  by  considering  a  few  casss.  First  of  all  note  that  it  is 

impossible  for  Pj  <  D.  if  this  wars  true,  than,  since  F’ (0)  >  0  for  0  <  D,  (1.3) 

implies  that  T^z)  ♦  —  and  Tj(z)  ♦  +■  as  «  ♦  This  contradicts  tha  as  suction 

that  T(z)  is  ona  of  the  unstabla  trajectories. 

Now  suppose  that  D  <  Pt  <  S.  From  tha  way  ws  chose  V,  it  follows  that 

v 

H(z  )  •  ♦  f(P,  )  >  F(C).  On  the  othar  hand,  Sts.)  “  F(T1(s.)).  Since 

O  2  1  iii 

F(C)  >  F(O)  for  all  U,  wa  have  a  contradiction. 

Finally,  suppose  that  P,  >  B.  Than,  since  F' (0)  <  0  for  0  >  B  and  T1(z1)  > 
T1(z<>),  itj follows  that  F(T^(s^ ) )  <  F(*t(z0)).  Bancs, 

H(z  >  "  “S“  *  FIT, (z  ))  >  FIT, (z, ) )  -  H(z, )  .  This,  again,  is  a  contradiction. 

0  2  1  O  11  l 
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To  conclude  our  die cues Ion  of  R  we  must  show  that,  for  0  >  0,  each  unatable 
trajectory  la  either  a  connection  or  elae  leavea  R .  This,  however,  le  a  coneequence  of 

D)  Sleole  But  Important  Heaulta 

The  following  reaulta  are  needed  a  number  of  tinea  In  the  proofs  of  Proposition 
2. 1,2. 2,  and  2.3.  We  aaaume  throughout  that  p  and  q  are  two  conatanta  with  p  <  q.  For 

acme  ©  >  0,  let  P(s)  and  QCs)  be  the  trajectoriee  through  the  points  (p,0)  and 

(q,0),  reapectlvely.  We  assume  that  F(s)  “  (P^ (z) ,P2<z) )  and  QCs)  “  (Q1 (a) ,Qj(s)) .  we 
aasuBM,  without  loss  of  generality,  that  P(0)  -  <p,0)  and  Q<0)  -  (q,0).  We  also  assume 
that  (p,0)  and  (q,0)  are  not  rest  points.  Finally,  we  aasuaw,  for  now,  that 

P  (0)  >  0,  and  the  first  place  when  P<s)  exists  R  ia  on  R's  top  aide.  Clearly, 

CIS  2 

if  q  -  p  ia  sufficiently  small,  then  it  ie  also  true  that  Q2<0)  >  0,  and  the  first 

place  where  QCs)  exits  R  ia  in  its  top  side.  Suppose  that  the  U  coordinates  of  the 
places  where  PCs)  and  QCs)  exita  R  for  the  first  time  are  a  and  B, 
reapectlvely.  We  claim  that  if  q  -  p  ia  sufficiently  small  then  a  <  8. 

This  result  is  proved  by  simply  following  the  trajectories  PCs)  and  QCs)  around 
in  the  phase  plane.  Choose  {s^},  j  -  0,1,  ...,n,  such  that  sQ  "  0,  s^  <  Ej+1  for 

each  j,  and  P2<s)  ■  0  for  s  >  0  if  and  only  if  i*  ij  tor  arms  j.  Let 

-  P^<Sj).  Of  course,  it  is  possible  that  n  •  0.  The  above  assumptions  imply  that 
n  is  an  even  Integer  and 

nn  <  V2  <  ..  <  n2  <  n„  <n,  <  *3  <  ••  <  V*  <  Vi* 

Here  we  use  the  fact  that  O'  -  V  which  implies  that  the  trajectories  spiral  in  a 

clockwise  direction.  If  q  -  p  is  sufficiently  small,  then  there  must  exist 
k  ■  0,  1,  ..,  n,  such  that  ■  0,  for  such  J,  and 


QjCs)  “  0  for 

z  >  0  if  and  only  if  s 

-  for 

some  J. 

bet  c  -Q^C).  Hy 

choosing  q  -  p 

small  we  can  make  sup 

lnj  ‘  Cj' 

as  sswll 

as  we  please.  Furthensore, 

0«  J<n 
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b«C(«n  p  <  q  and  ~  P,(0)  >  0,  it  folloM  that  if  j  ia  avan,  than  n.  <  C4.  If 
da  z  3  3 

j  ia  odd,  than  n.  >  C .  ■  Sinca  n  ia  avan,  we  have  n  <  C  •  Hanca ,  from  tha  tiaaa 

3  3  n  n 

P( x)  and  Q(s)  iaat  croaaa  tha  O-axis  until  tha  tiaaa  thay  axit  R,  P(a>  liaa  to  tha 
laft  of  Q(x).  In  Particular,  a  <  0. 

Thara  ara  other  caaaa  to  conaidar.  If  we  would  have  aaaumed  that  —  Pj(0)  <0, 
with  all  of  tha  other  aaauaptiona  tha  aaaa,  than  tha  concluaiao  would  have  bean  that 
a  >  0.  Another  poaeibility  ia  that  ~~  P,  (x)  >  0  and  P(a)  axiata  R  on  ita  bottoa 

<U  2 

aide.  If  q  -  p  ia  aufflciantly  aaall,  than  wa  conclude  that  Q(x)  must  exit  tha  bottoa 
aide  of  R ,  to  tha  laft  of  P(c).  If  j  P2(x)  <  0,  P( x)  axita  tha  bottoa  aide  of  R, 
and  q  -  p  ia  aufflciantly  aaall,  than  Q(a)  auat  axit  tha  bottoa  aide  of  R  to  the 
right  of  P(x). 

Finally,  auppoae  that  P(z)  and  Q(x>  ara  tha  trajectoriaa  through  tha  pointa 
(0,p)  and  (0,q),  respectively.  Rare  we  aaauaw  that  0  <  p  <  q.  An  analyaia  aiailar  to 
tha  one  juat  given  shows  that  if  P(z)  exits  tha  top  aide  of  R  and  q  -  p  ia 
sufficiently  aaall,  than  Q(x)  will  exit  tha  top  side  of  R  to  tha  laft  of  PCs).  If 
P(x)  axita  tha  bottoa  aide  of  R  and  q  -  p  is  aufflciantly  aaall,  than  Q(s)  will 
axit  tha  bottoa  aide  of  R  to  tha  right  of  PCs).  Similar  statements  can  bo  made  if 
0  >  p  >  q. 

(I)  Sow  tha  Btabla  and  Onatable  Trajectories  Vary  With  8. 

Aasias,  for  now,  that  A(s,0)  is  equal  to  either  A^CsrO)  or  lw(t,9),  and 
B(s ,0)  is  equal  to  either  8^11,9)  or  S^Cs,®).  For  aaaa  constant  0,  let  1  be 

tha  vertical  line  given  by  0:0.  Suppose  that  A(s,8  )  intersects  1  for  a  ■  r. 
tat  1.(8  )  “  A_(s  ,8  ).  *a  assume  throughout  that  Ym(8  >  ♦  0.  Than 

A  O  2  O  O  AO 

7~A,(x  ,8  )  t  0,  and,  therefore,  A(s,6  )  crosses  t  transversely.  Hanca,  thara 

ux  1  O  O  O 

exists  a  constant  6  >  0  such  that  if  |8  -  8  l  <  0,  than  A(s,8)  also  crosses  1  for 

o 

soma  x,  say  x(6).  For  |9  -  8q|  <  S,  lat  Y^C®)  ■  hj(s(8),0).  There  is  no  problem  in 
choosing  YA<8)  and  s(9)  to  be  continuous. 
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31.1:  Amum  that  0  <  fl.  -  6  <5.  Than  either  0  <  Y«  (8_)  <  Y.  (8«)  or 

-  1  o  AO  A  I 

0  >  VV  >  VV- 

Proof:  Ne  only  consider  the  case  A(z,8^)  ■  A^  (z,9q)  since  the  case 


A(z,8  )  -  A  (z,8  ) 

O  SW  O 

is 

similar.  We  i 

the  case  Y.(8  )  <8 

A  O 

is 

also  similar. 

Suppose  that  F”(A)  - 

-a, 

Of  course, 

M(0)  -f° 

If  we  linearize  (1.3) 

at 

mm  V 

A  we  obtain 

and 


■[:]• 


M(  6 )  W. 


9  -  /e2  ♦  4e 
2 


An 


0  ♦  + 

The  eigenvalues  of  M{8)  are  1^(8)  -  j  and  X2(0) 

eigenvector  corresponding  to  ^())  is  ( 1 , X  ^ (8 ) ) .  Hence,  A(s,8)  approaches 
A,  as  z  *  tangent  to  a  line  through  A  with  slope  X^(8).  Since  XJ(8)  >  0  it 
follows  that  there  exists  a  constant  e  >  0  such  that  the  following  is  true.  Let  p  be 
the  ray  {(U,V)  :  0  «  A  +  e,  V>0).  Clearly  if  c  is  sufficiently  nail,  then 

a(z,8  )  and  a(z,8.)  will  intersect  P.  Choose  C  and  £  so  that 

O  1  O  1 

A.(t  ,e  )  -  A,(C,,e,)  -Ate,  but  A  (C,0  )  <  A  t  e  for  e  <  5  and 
1  o  O  1  1  1  i  o  o 

A^e.e,)  <  A  t  e  for  £  <  Let  *o  -  “d  p,  "  *2,51'01)*  Then 


po  <  pr 


That  is,  near  A,  ACz.S,)  lies  above  A(e,9o>. 


By  following  the  curves  A(z,0o>  and  A(z,9j)  around  in  the  phase  plane,  and  using 

an  analysis  similar  to  that  given  in  the  preceeding  section,  we  find  that  the  lease  is 

true  if  the  curves  A(z,6  )  and  A(s,9.)  never  intersect.  Suppose  that  they  did,  say 

O  1 

at  q  -  (q.,q->).  Choose  n  and  n.  so  that  A(n  ,6  )  -  A(n,,9.)  -  q,  and 
1  •  O  1  o  O  1  1 

A(n2,9o)  t  A(n3,©o)  for  any  n2  <  »»o  or  n3  <  n,.  We  assume  that  q2  >  0.  The  other 

cases  are  similar.  Let  C  -  sup  {z  <  n  :  A_(z,6  )  -  0}  and 

o  o  «  o 

c,  -  sup  {z  <  :  A2<z,61)  -  0}.  It  may  be  true  that  £Q  “  C,  “ 

Let  C  -  A,  (C  ,9  >  end  C,  -  A,(C,,0,).  Assume  for  now  that  C  f  ■**,  (This  implies 

OlOO  1111  o 


that  C,  t  -*).  Then,  it  must  be  true  that  C.  <  C 


Hence ,  the  curve 
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A(r ,0  ),  for  z  e  (C  ,n  ),  lies  below  the  curve  A(z,0  )  for  z  e  (C4,n.)>  Mot*  that 

O  O  O  I  11 

the  same  Is  true  if  C  “  At  q,  A(z,0  )  ia  tangent  to  the  vector 

O  1  o 

W°  i  (q  ,  6  q  -F(q, ) ) ,  while  A(z,0  )  is  tangent  to  the  vector 
2  0  2  1  1 

1  o  0  0  111 

W  =  (q2*  Let  w  -  <M1  ,W2  )  ana  tt  -  <»,,  ,M2  ). 

0  1  0  1 

Since  W1  -  «1  and  <  w2  we  *'*v*  the  desired  contradiction,  and  the  proof  of  the 

leans  is  complete . 

Now  let  us  consider  B(z,0  ).  Suppose  that  B(z,0  )  intersects 

o  o 

t  when  z  “  z  .  Let  Y_(0  >  "  B  (z  ,0  >.  If  Y_(0  >  ♦  0,  then  B(z#8  )  crosses 
o  B  o  2  o  o  Bo  o 

t  transversely.  Hence,  there  exists  4  >  0  such  that  if  |0  *  6q|  <  4,  then  B(s,8) 
also  crosses  1  for  some  z,  say  z(0).  Let  Y(0)  “  b2(z(8),8).  A  proof  sieilar  to 
the  one  given  for  Leana  3E. 1  proves  the  following. 

Leans  3E.2:  Assume  that  0  <  0.  -  0  <4.  Than  either  0  <  Y_(0.)  <  Y_(0  ),  or 

.  .  —  - .  1  O  B  1  D  O 

0  >  YjjO, )  >  Yb(8o). 

i 

i 

i 

! 

i 

! 

! 

I 


! 
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We  hium  throughout  this  Motion  that  the  array  at  8 


8  ia  given  by 
o 


(4.1) 


A<V  -8.B 


T.T, 

1  2  a 


12 


A)  Proof  of  Pronoaition  2.2. 

Assume  that  there  exiata  an  A  ♦  B  connection  with  apeed  0,  where  0.  <  0  ,  and 

l  1  o 

there  do  not  exiat  any  connections  with  apeed  0  e  (©1 ,0q).  We  wiah  to  prove  that  there 
exiata  an  integer  k  such  that  either  A*  ”  Ty  and  B*  “  TJc+1,  or  A*  “  BJt+1  and  B*  « 

B) (.  We  only  conaider  the  caae  when  A  <  B  and  A^ ( a ,  8  ^ ( r , 8 1 )  aince  the  other 
caaea  are  aiailar.  to  simplify  the  notation  we  aet 

A(*,0)  -  Aj^(«,8)  and  B(s,8)  -  B^tr.S).  Furthermore,  we  let 
A(s,8)  -  (A^(z,8),  a2(s,8))  and  B(z,0)  -  (B^z.0),  B2(z,8)). 

Choose  P  so  that  P  <  B  and  F  doea  not  have  any  critical  points  in  the 
interval  (P,B).  Let  i  be  the  line  V  =  P.  Clearly,  B(e,8j)  must  Intersect  t  at 
least  once.  Let  zq  *  sup  (slBjtz,©,)  *  P},  and  Y  *  Bjtz^.Oj).  Wote  that 
y  >  0.  For  0  sufficiently  clone  to  8^,  there  exist  continuous  functions 
Ya(0)  and  Yb(0)  such  that  Y^e,)  -  ”  Y,  A(*,8)  intersects  l  at  a  point 

whose  V  coordinate  ia  YA(0),  and  B(z,0)  intersects  t  at  a  point  whose  V 
coordinate  is  Yb(6).  We  assume  that  Y^C© )  and  YB<9)  are  defined  for 

0  e  (0^  -  e,  +  e).  We  also  assume  that  e  <  6  where  (  appears  in  T ins  3E.1  and 

31.2. 

Choose  8,  so  that  0  <8-8  <e  and  8  <  8  .  We  conclude  from  Lemmas  3*.  1 

2  2  1  2  0 

and  31. 2  that  YA<02>  >  Yfi ( ®2 ) •  That  is,  as  they  cross  l,  A(s,82>  lies  above 

B(s,62).  Since  A(s,82>  cannot  intersect  B(e,82>  this  implies  that  A(s,62)  crosses 

the  axis  0  ■  B  above  B.  More  precisely,  there  exists  a  constant  C  such  that 

o 

A^CC^^.Bj)  ■  B  and  A2(Co,82>  >  Purtherzwre,  setting  X  “  Ajt^.Sj),  we  can  make 

1  as  small  as  we  please  by  choosing  0j  -  8 1  small.  In  particular,  by  choosing 


-  8 1  sufficiently  •■all  vs  say  conclude  that  A(*,02>  and  ■JO<«,0J)  exit  the  ssae 
•Ida  of  the  rectangle  R,  at  point*  which  can  be  made  arbitrarily  clone  to  each  other* 

Fro*  the  discussion  in  Section  3D  it  follows  that  if  B^(s .9^)  exits  the  top  side  of  R, 
then  A(z,02>  exits  R  iaaediately  to  the  left  of  B^CXfO^)*  If,  on  the  other  hand, 
BggtSfflj)  exits  the  bottca  side  of  R,  then  A(s,92>  exits  R  directly  to  the  right  of 
BggCSfSj).  Putting  these  facta  together  we  have  proven  that  if  the  array  at  6^  is 


A  (flj) 


then  there  exists  an  integer  k  such  that  either  A*  ■  and  B*  -  p^+1  or 
A*  -  qk+,  and  B*  «  q*. 

TO  cosqplete  the  proof  we  show  that  A(0q)  -  A(8j).  This  follows  fro*  the  assumption 
that  there  do  not  exist  any  connections  with  speed  6  e  <0, ,0  ).  Since  there  are  no 

2  O 

connections,  all  of  the  unstable  trajectories  vary  continuously  with  0.  In  particular, 
the  array  regains  the  sane  for  0  e  (@2  >®0*  * 


(B)  Proof  of  Proposition  1.3. 

Suppose  that  0j  <  0Q,  there  exists  an  A  ♦  B  connection  with  speed  9f,  and  there 
do  not  exist  any  other  connections  with  speed  0  «  (0^,0^.  Proa  Proposition  2.3,  it 
follows  that  if  the  array  at  9  "  0q  is  given  by  (4.1),  then  there  exists  an  integer  k 


such  that  either  A* 


Tk  and  B* 


that 


A*  -  Tk  and  B* 


Tk+1'  or  A*  “  *k+1  *nd  •*  *  *•  ass 

since  the  proof  of  the  other  case  is  quite  similar.  Me  also 
assuae  that  A  <  B  and  A^li,!^  *  B^lt^^l,  since,  again,  the  proof  of  the  other 
cases  are  similar.  As  before  we  set  A(s,0)  -  An(i,0)  and  B(s,9)  “  *^(1,0).  The 
proof  now  proceeds  in  a  fashion  quite  similar  to  the  proof  of  Proposition  2.2. 

Let  P,  t,  e,  ya<9),  and  Yg(0)  be  as  in  the  proof  of  Proposition  2.2.  Choose  9j 
so  that  0  <  0,  -  02  <  e.  r amass  3E.1  and  31. 2  now  imply  that  YA(02>  <  Yb(0j>.  This 
implies  that  A(s,92>  must  cross  the  D-axis  iaaediately  to  the  left  of  B.  More 
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Furthermore 


precisely,  there  exists  C  such  that  A_(C  ,8  )  -  0  and  A  ( 5  ,8  )  <  B. 

O  Z  O  Z  1  O  Z 

if  X  »  A. <C  ,8  ),  then  B  -  X  can  be  made  as  small  as  we  please  by  choosing  8-8 
small.  In  particular,  by  choosing  8^  -  8 ^  sufficiently  small  we  may  conclude  that 
A(s,82>  and  *xit  the  same  aide  of  the  rectangle  R ,  at  points  which  can  be 

made  arbitrarily  close  to  each  other.  From  the  discussion  in  Section  3D  it  follows  that 
if  )  exits  the  top  side  of  R,  then  A(e,62>  exits  R  immediately  to  the  right 

of  If  Bgjj ( * , ® j )  exits  the  bottom  aide  of  R,  then  A(s,62>  exits  R 

immediately  to  the  left  of  .  since  Bsw**»®^  corresponds  to  the  "other  B"  in 

the  atateawnt  of  Proposition  2.3,  this  completes  the  proof. 

we  now  discuss  what  happens  if  two  or  more  waves  exist  with  the  same  speed.  Bare  we 
only  consider  the  case  when  there  exists  two  waves  with  the  same  speed.  The  case  for  more 

i 

than  two  waves  is  quite  similar.  So  suppose  that  there  exist  A  ♦  B  and  C  ♦  D 
connections  with  speed  8q.  If  B  +  C,  then  there  is  no  problem  in  applying 
Proposition  2.3  to  determine  how  the  array  changes  after  the  connections.  The  A  goes 
next  to  the  other  B,  while  C  goes  next  to  the  other  D.  An  example  is 

A>B 

ABPC  OP-  BDCC 
ABDC  AABD 

If  B  ■  C,  then  there  are  two  cases  to  consider,  depending  on  if  B  and  C  correspond  to 

the  same  entry  in  the  array.  Recall  that  each  integer  appears  twice  in  an  array.  If  B 

and  C  are  the  same  entry,  then  we  must  consider  the  A  *  B  connection  first  and  then 
the  C  ♦  D  connection.  That  is,  we  first  put  the  A  next  to  the  other  B,  and  then  put 
the  C,  which  is  now  B,  next  to  the  other  D.  An  example  is 

A+B 

ABD  B+D,  D 
ABD  AABBD  * 

If  B  and  C  correspond  to  different  entries,  then  we  first  consider  the  B  ♦  D 

connection  and  then  the  A  ♦  B  connection.  An  example  is 
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i 


r 


A*B 

2ft&&  El£»  BUS  . 

DB  D 

The  proof*  of  thee#  results  are  quit*  similar  to  the  proof  of  Proposition  2.3. 

C)  Proof  of  Proposition  2.4. 

Me  show  that  aiven  A.  B,  and  6  >0,  there  can  exist  at  moat  a  finite  number  of 

o 

A  ♦  B  connections  with  speeds  greater  than  8  .  Since  we  are  as suaing  that  there  are 

o 

only  a  finite  nueber  of  critical  points  this  certainly  implies  tha  desired  result. 

In  Section  2B  it  was  shown  that  there  exists  8^  such  that  no  A  ♦  B  connection 

exists  for  8  >  8..  Certainly  if  no  A  ♦  B  connection  exists  with  speed  8j#  then 

there  exists  e  >  0  such  that  no  A  ♦  B  connections  exist  with  speed 

8  e  (8j  -  e,  &2  *  e).  To  complete  the  proof  w*  not*  that  Propositions  2.2  and  2.3  imply 

that  if  there  exists  an  A  ♦  B  connection  with  speed  8  then  there  exists  c  >  0  such 

o 

that  no  other  A  ♦  B  connection  exists  with  speed  U  (•  *  t,  •  ♦  e). 

o  o 


D)  Proof  of  Proposition  2.1. 

Suppose  that  a(8q)  is  given  by  (4.1)  and  Tk  <  T^.,.  w*  show  that  there  exista  a 

T,  ♦  T  connection  for  eon*  8  <  8  .  Me  do  not  discuss  the  cue*  when  By. ,  <  B. 
k  k+1  O  xwi  x 

since  the  proof  is  similar.  Assume  that  A  and  B  are  the  critical  points  idtich 
satisfy  A*  “  Ty  «nd  B*  "  Tfc+1.  Now  T^  and  Tfc+1  correspond  to  two  pouts  on  the  top 
side  of  R  which  lie  on  an  unstable  trajectory  of  A  and  B,  respectively,  bet  these 
point*  by  PA  and  We  denote  the  unstable  trajectory  on  which  Pfc  lies  by  A(s) 

and  the  unstable  trajectory  on  which  P#  lies  by  B(s).  There  are  now  a  number  of  eases 
to  consider.  These  are 

(a)  A  <  B  ,  A(s)  -  Ah***'9,,*'  b<«>  “  Bnt(*'9o) 

(b)  A  <  B  ,  A(s)  -  Aw<*,6o),  »(«>  " 

(4D.1)  <c)  A  <  B  ,  A(s)  -  A^U,^  >,  »<■>  “  Bsw<**90) 

(d)  A  <  B  ,  A(s>  -  Abm(x,8o),  B(s>  -  Bw(«.90) 

(e)  A  >  B  ,  A(x)  -  Alw(«,8o),  B(z)  -  B^S^) 

,  A(s)  -  Aw<s,8o),  B(s)  ■  Bpt(*'90) 


(f)  A  >  B 


(g)  A  >  B  ,  A(s)  -  Aggts^),  »<«>  "  B^ts,®^  ' 

(h)  A  >  B  ,  A(s)  -  A  fs,8  ),  B(s)  -  B_(*,e  >  . 

SW  O  SW  o 

He  fir*t  consider  (4D.1a).  Ha  prove  that  AM|(s>6)  “  B^ttiO  for  soaha 

6  e  (0,8  ).  Thia  la  dona  using  a  shooting  argument.  To  aat  up  the  shooting  argument  we 
o 

first  consider,  in  detail,  how  the  trajectories  A(s)  and  B(s)  spiral  around  in  the 
phase  plane  as  they  are  followed  backwards  from  the  points  P^  and  Pg. 

Choose  {s^},  k  ”  1,2, so  that  for  each  k,  x^  >  «k+1,  and  82(E)  >0  if  and 
only  if  a  •  *k  for  ease  k.  Let  Yfc  -  b^e^).  That  is,  Yfc  is  the  O-coordinate  of 

the  k**  place  where  the  trajectory  B(  e)  intersects  the  0  axis  as  it  is  followed 
backwarda  from 

Ms  claim  that  either  Y1  “  B  or  Y1  <  A.  To  prove  that  it  is  impossible  for 

Y(  >  B  wt  uae  the  fact  that  O'  ■  V  and,  therefore,  all  trajectories  spiral  in  the 

counterciockwiee  direction  aa  they  are  followed  backwards.  This  fact  implies  that 

Yfc  >  Y1,  for  all  k.  Therefore,  if  Y1  >  8  it  would  be  impoesible  for 

lim  B(s>  -  B.  He  now  wish  to  show  that  it  is  impossible  for  Y1  6  (A,B).  Xf  this 

s*-** 

were  true  then,  using  (1.6)  which  implies  that  F(Y1>  >  F(B),  it  follows  that  there 
exists  e  critical  point  C  e  (A,B)  such  that  F(C)  >  F(B).  He  aesume  that  C  is  chosen 
ao  that  F(C)  >  F(0)  for  all  u  €  (A,B).  Now  C  (e,8  )  can  never  cross  the  O  axis 

NS  O 

between  A  and  B.  This  is  because  of  (1.6).  Suppose  that  e  (C,B).  Then  C^li.l^) 

must  exit  the  top  side  of  R  between  A(e)  and  B(e)  which  is  a  contradiction.  Now 

suppose  that  Y  ^  e  (A,C).  It  then  follows  that  B(e>  must  cross  both 

C8E(„o)  and  C||g(,.o>.  Since  H(U,V)  ■  F(c)  on  both  of  these  trajectories,  (1.6) 

gives  the  desired  contradiction.  Note  that  this  together  with  Proposition  2.2  implies 
that  if  A  <  B  and  there  exists  a  critial  point  C  such  that  A  <  C  <  B  and 
F(C)  >  max  {F(B),  F(A) },  then  there  cannot  exist  an  A  ♦  B  or  B  *  A  connection. 

So  it  remains  to  consider  the  cases  Y^  "  B  and  y^  <  A.  He  shall  assusw  that 
Y^  <  A  since  this  is  more  difficult  than  the  case  Yj  “  B.  Note  that  Yr  •  B  for  some 

integer  r.  Following  B(e)  backwards  from  PB  and  using  the  fact  that  the  trajectories 
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spiral  in  ths  counterclockwise  dir act ion  as  thsy  ara  followed  backwards,  wa  find  that  r 
is  an  odd  nuaber  and 

(4D.2)  Y,  <  Y3  <  ...  <  V2  <  A  <  B  -  tr  <  V,  <  ...  <  Y4  <  Y2  . 

It  is  iapossibia  for  Y^  e  (a,b)  for  eaae  k  because  of  tha  same  raason  that 
Y^  4  (A,B).  Wa  also  find  that  B2<z)  >  0  for  z  e  (z^.a^)  it  k  is  a van,  and 
B_(z)  <  0  for  c  e  if  k  is  odd. 

2  1  k 

W«  now  follow  A(z)  backward*  frow  P^*  Its  bahavior  is  dstszsiiiisd  by  noting  that 

it  aust  kaap  spiraling  without  svar  crossing  B(s).  Choosa  {s  }  so  that  s  >  s  for 

w  It  k 

aach  k  and  A2<z)  >0  if  and  only  if  s  -  z*  for  scae  k.  Lat  6  ■  A^la  ).  That 
is,  <k  is  tha  O  coordinats  of  tha  k**  plaos  whara  tha  trajectory  A(s)  intarsocts 
tha  D  axis  as  it  is  followad  backwards  froa  P^.  Using  induction  wa  find  that  if  k  is 
odd,  k  <  r,  than  Yk_2  <  6k  <  Yk«  and  Aj(s>  <  0  for  s  e  (sk+1,ak>.  If  k  is  swan, 

k  »pf  i  w 

k  <  r,  than  Yk  <  4  <  Yk_2,  and  Aj(s)  >  0  for  s  e  (s  ,s  ).  Furthermore,  if  k  is 
odd,  than  <k  <  A  <  4k  Bines  r  is  odd  and  Yr  ■  B  wa  have  that 

a)  6*  <  a  <  S1"1 

(4D.3) 

b)  A2U)  >0  for  a  «  (mr,*r”»  . 

Recall  that  we  ara  trying  to  usa  a  shooting  argwant  in  order  to  prove  that 

A^t*,®)  *  *or  mamm  9  *  <0,6  ).  We  ara  now  in  a  position  to  start  sotting  up 

tha  shooting  arguaant.  Choosa  P  so  that  P  <  B  and  P  dons  not  have  a  critical  point 

in  [P,B).  Let  i  be  tha  vertical  line  0  s  p.  Froa  (4D.3)  it  follows  that  there  exists 

n  e  (a  ,z  )  such  that  A.  (n  )  “  P.  Let  Y_ ( ®  )  “  A  (n  ).  For  0  close  to  0 

O  1  o  A  O  2  O  o 

tha  trajectory  A^  (*,  0 )  aust  also  intersect  tha  line  (.  Lat  Y^(0>  be  tha  V 

coordinate  of  this  point  of  intersection.  Clearly,  Y^(0)  can  be  chosen  to  be  a 

continuous  function  of  6,  at  least  in  sosw  neighborhood  of  8  ■  6  .  we  assuaa  that 

o 

Ya<0)  is  defined  on  the  aaxiau*  possible  interval  so  that  it  in  continuous. 

For  each  6  >  0,  aust  intersect  1  at  least  once.  Let  YB<®>  equal  to 

the  ▼  coordinate  of  the  first  place  where  intersects  t  as  it  is  followed 
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backwards  from  the  saddle  (B,0).  Note  that  Y_(9)  la  a  continuous  function  for  all 

B 

9  >  0.  it  follows  fro*  (4D.3)  that 
(40.4)  y  (9  )  >  y_<9  ) 

AO  BO 

He  now  deatonatrate  that  if  9  <  9  and  no  A  ♦  B  connections  exist  for 

1  o 

9  e  [9,9  ],  then  Y  ( 9 )  is  a  well  defined,  continuous  function  in  the  interval 

»  O  A 

[9  ,9  ].  if  this  were  not  true  then  there  sust  exist  9  e  (9., 9  )  and  a  critical 

1  O  2  10 

point  C  such  that  an  A  ♦  C  connection  exists  with  speed  9^.  Furthermore ,  this 

connection  must  involve  A^fz.Sj).  That  is,  either  A^tz^)  “  CNH^*'62^  or 

Ajw(x,92>  »  C  (z,9j).  n°v  follows  that  if  X  "  lim  y(9),  then  the  point  tP,X) 

9+9 

lies  on  either  CHE(*»®2*  or  csH^“,e2^*  SuPP°»e  that  (P»X)  lies  on  C^Cz.B^. 

Let  Y  (9)  be  the  V  coordinate  of  the  place  where  C { z ,  6 )  intersects  the  line  i, 

C  NE 

chosen  so  that  Yc(9)  is  a  continuous  function  for  9  close  to  9^ .  press  T  luwnn  3B.1  it 

follows  that  Y  (9)  <  Y,(9)  for  9  close  to  but  greater  than  9  .  If  9-9.  is 

sufficiently  small  then,  from  the  way  X  was  defined,  it  follows  that  Y„(9)  <  Y  (9). 

B  C 

we  summarize  what  has  been  proven  so  far  as  follows.  Say  that  9  has  property  star 

if  9  e  (9,9  1  and  there  exists  a  critical  point  C  such  that  either 
1  o 

C  (z ,9)  or  C_,(z,9)  crosses  t  at  same  point  (P,X>  which  satisfies 

NB  SW 

Y_(9)  <  X  <  Y.(fl).  Let  H  «  {9  ;  9  has  property  star).  He  have  shown  that  H  is 

B  A 

nonempty  if  Y, (9)  is  discontinuous  at  some  9  e  (9  ,9  ).  He  shall  now  show  that  H 
is  indeed  empty. 

*  To  begin  with,  note  that  9  9  H.  This  is  because  if  9  e  H,  then  the  discussion 

o  o 

in  Section  3D  implies  that  thers  exists  a  critical  point  C  such  that  either 
C„( z , ®  )  or  C_„(z,9  )  leaves  R  between  \_(*,®  V  end  B  (z,8  ).  This,  howsver, 
contradicts  the  assumptions  of  the  proposition. 

8et  »  sup  (9  i  9  (  h).  Clearly  some  sort  of  connection  must  occur  with  speed 
6^.  Suppose,  for  example,  that  thers  exists  an  A  *  C  connection  with  speed  9^.  if, 
for  example,  A(e,9})  -  CIW<*»®3>  then  the  proof  of  Proposition  2.2  and  the  discussion  in 
Section  3D  imply  that  there  exists  6  >  0  such  that  if  0  <  9  -  9^  <  9,  then  ( z , 9 ) 
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crosses  i  between  YB(6>  and  ya(0).  That  ia,  if  0  <  8  -  8^  <  6,  than  6  6  H  . 

Thia,  however,  contradicta  tha  daf inition  of  0j.  If,  on  tha  othar  hand, 

A(z,63>  ■  Cb(*i*3>i  than  thara  axiata  6  >  0  auch  that  6  e  (63*63  *  6)  implies  that 

C _ (a, 6)  croaaaa  t  between  y_(6)  and  y,(6>.  Thia  again  contradicta  tha 

SW  B  A 

definition  of  8j  . 

Tha  only  othar  poaalble  thing  that  can  go  wrong  ia  that  thara  axiata  a  C  ♦  B 

connection  with  apaad  0j.  That  ia,  aither  »  BM|f(x,0j)  or 

■  B^li » 63 > •  In  aither  caae,  tha  proof  of  Propoaition  2.2  and  tha  diacuaaion 

in  Section  20  ahowa  that  thara  axiata  6  >  0  auch  that  for  6  e  (0j,0j  ♦  6)  the 

corresponding  unstable  trajectory  froa  C  croaaaa  i  between  y#I6)  and  This 

contradicta  tha  definition  of  6},  and,  therefore,  ccnplatea  tha  proof  that  YA<®>  ia 

continuous  in  (6  ,61. 

1  o 

Tha  proof  of  Proposition  2.1,  ease  40.1a,  will  be  complete  if  wa  can  show  that 

Y  (6)  <  y  (6)  for  sana  6  <  6  .  Thia,  however,  ia  true  because  tha  discussion  in 
A  B  O 

Section  21  and  the  asauaptlon  that  F(A)  <  P(B)  iaplies  that  A^f  z,0 )  lies  below 
B^Cz.O). 

TO  coaplete  tha  proof  of  Propoaition  2.1  wa  briefly  consider  tha  othar  cases  in 

(4D.1).  If  (40. 1b)  is  satisfied,  then  the  proof  ia  very  alailar  to  tha  one  just  given. 

One  proves  that  for  sons  6  e  (0,0^),  1^11,6)  »  BMr(z,6).  We  clain  that  it  ia 

inpossible  for  caaaa  (40. 1c)  and  (40. Id)  to  occur,  wa  only  show  that  (40. 1c)  ia 

iapoasible  since  the  corresponding  proof  for  (40. Id)  is  alailar.  What  wa  shall  prove  is 

the  following.  Suppose  that  A  <  B,  F(A)  <  F(B>,  and  both  tha  trajectories  \n(**6(>> 

and  ■  (z,6  )  leave  tha  rectangle  R  on  tha  top  aide.  Suppose  that  tha  points  where 

Sw  O 

these  trajectories  cross  tha  top  side  of  R  are,  respectively,  PA  ”  (pj,Vj)  and 

Qg  ”  (q^,  V.,).  Than,  either  <  pv  or  *m*,'60>  crosses  the  top  side  of  R  at  a 

point  which  lies  between  PA  and  Qg>  that  is,  if  q^  >  pj  than  *'®0*  and 

r  («,9  )  cannot  be  ’neighbors”  and  (40. 1c)  ia,  therefore.  impossible, 
sw  o 
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Th*  idea  of  til*  proof  i*  similar  to  th*  on*  Ju*t  given.  We  start  at  PA  and  Qg 
and  work  our  way  backward*  along  th*  trajectories  A^ t  * »  8q  )  and  B^t* ,8^) .  As  before 
in  order  to  simplify  th*  notation,  w*  set  A(*>  “  A^tz.B^)  4nd  "  Bsw^*'®o*' 

Also,  let  A( s)  -  (A1(s),A2(x)>  and  B(z>  -  (B, ( i) ,B2 ( r> ) .  Let  {*k>  be  chosen  so 
that  zk  >  rk+1  for  each  k  and  b2(*>  ■  0  if  and  only  if  z  -  *k  for  soma  k.  Let 
Yfc  -  B1(*k>.  As  before  we  find  that  either  Y,  -  B  or  Y,  <  A.  He  only  consider  th* 
■ore  difficult  case  Y,  <  A.  Choose  r  so  that  Yf  -  B.  Then,  as  before,  r  is  even, 
and 

Y,  <  Y3  <  ...  <  <  A  <  B  -  Yr  <  Yr_2  <  ...  <  T4  <  V 

Furthermore,  b2(z)  >  0  for  *  6  <zk+1,zk>  if  *  even»  *"<*  B2(s)  <  0  for 

z  d  (*k+1,*k>  if  k  la  odd. 

We  now  follow  A(z)  backwards  fro*  PA.  Choose  {*k}  so  that  zk  >  zk+1  for  each 
k,  and  Ajfs)  -0  if  and  only  if  *  -  sk  for  seen  k.  Let  «k  ”  A^z*).  Using 

|g 

induction  we  find  that  if  k  is  odd,  k  <  r,  then  Yk_2  <  «  <  Tk*  and  K^lz)  <  0  for 
s  e  (zk+1,zk).  If  k  is  even,  k  <  r,  then  Yk  <  «k  <  Yk_2,  and  *2(r>  >  0  for 
z  e  (zk+1,zk).  Since  r  is  even  and  Yf  -  B,  we  find  that  B  <  Sr,  and  for 
z  e  (zr+1,zr),  Ajtz)  >  0. 

We  now  wish  to  investigate  what  happens  to  70  simplify  the  notation  we 

set  B(z>  -  B^(s,eo) ,  with  S(s)  “  (B, (s) ,02<z) ) .  w*  claim  that  there  exists  a  number 
5  such  that  8,<t  )  -  0,  B,(z)  >  0  for  z  e  (-«•,£>,  and  B  <  B,(£  )  <  4*.  This  is 

O  2  O  2  O  1  O 

because  B(z)  leaves  the  saddle  (B,0)  into  the  quarter  plan*  0  >  B,  V  >  0.  As  long 

as  v  >  0,  we  have  that  U*  >  0  and  B(z)  continues  to  move  to  th*  right.  This  cannot 

happen  forever  because  B(z)  would  have  to  eventually  intersect  th*  trajectory  A(z). 

Ranee,  B(z>  must  cross  the  U  axis  at  some  value  of  s,  say  s  “  CQ.  Clearly 

B  <  B.(5  >  <  4r.  Using  th*  results  of  th*  discussion  in  Section  3D  we  now  conclude 
1  o 

that  B(s)  leaves  R  between  A(s)  and  B( s> .  This  is  what  urn  wished  to  show. 


To  eoaplsts  tha  proof  of  Proposition  2. f  wo  sust  consider  essss  *D.1a,f,v,h.  Sines 
thsss  essss  srs  treated  in  s  sanner  vary  sisilsr  to  ths  abovs  proofs  ws  only  point  out 
that  essss  (4D1e  and  f)  srs  lapossibls.  In  esss  (40. 1g)  thsrs  sxists  s  8  C  (0,8^)  st 
which  spssd  *^(*,8)  -  In  csss  (40. 1h>  thsrs  sxists  s  8  e  (0,8^)  st  which 

spssd  hs|f(s,8)  -  *ggl*i 8). 


A>  Introduction 

Figure  7  illustrates  the  directed  graph  for  the  function  F  shown  in  Figure  1.  We 
see  that  even  when  F  has  only  four  local  ataxias,  the  directed  graph  can  be  quite 
ccaap  lies  ted.  If  F  were  to  have  many  sore  critical  points,  then  the  corresponding 
directed  graph  would  be  so  complicated  that  it  would  be  impossible  to  analyse  directly. 

We  shall  show  that  if  A  and  B  are  distinct  critical  points  of  F,  and  we  are  only 
interested  in  determining  the  nuaber  of  A  +  B  connections,  then  it  is  not  usually 
necessary  to  consider  the  entire  directed  graph  corresponding  to  F.  The  reason  is  that 
many  of  the  critical  points  of  F  play  very  little  role  as  far  as  the  A  ♦  B  connections 
are  concerned.  For  example,  suppose  that  F  ie  as  shown  in  Figure  8. 

Then,  as  we  shall  see  later,  the  only  critical  points  triiich  play  a  crucial  role,  as  far  as 
the  A  ♦  B  connections  are  concerned,  are  A,  B,  C,  and  D.  Let  Gp  be  the  directed  graph 
corresponding  to  F.  Since  the  A  ♦  B  connections  really  only  depend  on  four  critical 
points,  there  should  exist  a  much  simpler  graph,  which  we  denote  by  r(A,B),  which 
contains  all  the  essential  information  of  Gr  as  far  as  the  A  *  a  connections  are 
concerned.  We  prove  that  there  does  indeed  exist  such  e  graph  T(A,B).  In  fact,  what  we 
prove  is  that  there  exists  a  ampping  •  from  Gp  onto  r(A,B)  which  preserves  enough  of 
the  structure  of  so  that  if  we  are  interested  in  determining  the  number  of  A  ♦  B 

connections,  then  it  is  only  necessary  to  consider  the  graph  T(A,B). 

The  next  few  sections  are  devoted  to  making  these  statements  precise.  We  begin  by 
defining  what  is  meant  by  a  labelled  graph  hoawmorphlsm.  We  then  describe  how  to  choose 
the  graphs  T(A,B) .  After  stating  and  proving  the  main  theorem,  we  prove  some  general 
results  about  how  many  connections  exist  between  two  given  stable  critical  points.  In 
particular,  we  prove  that  if  F,  A,  and  B  are  as  shown  Figure  B,  then  there  exists  an 


Infinite  number  of  A  ♦  B  connections 


8«gin 


Figure  7.  The  complete  directed  graph  associated  with  the  equivalence 
class  of  functions  shown  in  Figure  1. 
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He  begin  by  giving  a  precise  definition  of  what  we  Man  by  a  labelled  directed  graph 


or  LOG  for  short.  An-  LOG  consists  of  four  objects.  In  fact,  if  G  is  an  LOG  we 
write  G  -  (x,E,r,0).  Here,  X  is  a  finite  set,  say  X  >  {x^  •••,  X^}.  X  denotes  the 
set  of  nodes.  Of  course,  each  node  in  the  graph  corresponds  to  an  array  of  integers.  The 
set  of  edges  is  denoted  by  E.  It  is  simply  a  subset  of  X  x  X.  Thus  (Xj,  Xfc)  denotes 
the  edge  which  begins  at  X  and  ends  at  X  .  In  this  case,  it  is  convenient  to  write 

J  * 

Xk  «  e*Xj .  Let  e(X^)  egual  to  the  set  of  edges  whose  first  cosiponent  is  Xfc.  He  then 

set  E(Xk)  "  B(Xfc)  u{I(xk)}  where  I(Xk)  is  same  distinguished  element.  He  shell  see 

later  that  it  is  necessary  to  have  I(Xk)  when  we  define  the  notion  of  graph 

homomorphism.  He  then  let  E  -  u  E(Xk),  where  the  union  is  over  all  nodes  Xfc.  By 

definition,  we  write  I(Xk)  *  \  *  is  a  set  of  nonnegative  integers.  It 

corresponds  to  the  set  of  labels.  Usually  T  is  of  the  form  {0,1,2,  He  denote 

this  latter  set  by  YN-  Finally,  0  is  a  function  from  X  into  Y  x  T.  For  example,  if 

the  edge  e  corresponds  to  an  A  ♦  B  connection,  then  0(e)  •  (A*,B*).  He  always 

* 

assume  that  0(I(Xk>)  -  (0,0)  for  each  node  Xk,  and  if  e  e  B  and  0(e)  -  (A*,B*), 
then  A*  +  0  and  B*  +  0. 

He  say  that  P  -  {e^  en>  is  a  path  in  G  if  for  each  k,  e^  8  B,  and 

ek  e  E(Xk>  implies  that  «k+1  ®  E(ek*  Xk>.  Mote  that  a  path  may  be  either  a  finite  or 

infinite  sequence  of  edges.  If  P  is  a  finite  sequence,  eay  P  -  {•  ,  en) ,  and 

e.  e  B(X  ) ,  e  e  X(X  ),  and  X  -  e  *X  ,  then  we  say  that  P  is  a  path  from  X. 

1  in  n  rt+  inn  * 

to  *„>•(.  In  this  case  we  write  XJJ+1  -  P*Xn.  The  path  P  -  {a^  is  called  admissible 
if  the  following  is  satisfied.  For  any  k,  suppose  that  €  E(Xk),  and  e  is  any 
element  of  B(Xk).  He  do  not  necessarily  assises  that  e  ”  ek.  Suppose  that 
0(e)  _  ( A* , B* ) .  Then,  there  exists  an  integer  )  such  that  J  >  k  and 
©(e^)  -  (A*,B*). 
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Mote  that  F(U)  determines  a  path  in  G^.  Me  denote  the  path  by  Pp.  Proposition 

2.1  implies  that  Pp  is  an  admissible  path  in  Gp.  Finally,  we  say  that  a  node  X  is  a 

generator  of  the  graph  G  if  for  every  node  X*  there  exists  a  path  froai  X  to  X'. 

Before  defining  what  is  meant  by  a  an  LOG  homomorphism  we  must  introduce  son*  store 

notation.  Suppose  that  Y^  and  YB  are  two  subsets  of  the  nonnegative  integers.  Me 

asstmra  that  {0}  is  a  subset  of  both  sets.  Let  g:  Yfc  ♦  Y^.  Asst me  that  g(0)  -  0. 

Then  the  new  map  g  :  Y.  x  Y.  ♦  Y_  x  Y_  is  defined  by 
A  A  B  B 


J.io 


f (0,0)  if  g(j)  -  0  or  g(k)  “  0 

^  (g( j).g(k))  otherwise. 


Definition  5B.1:  Suppose  that  G,  •  (  X  ,  Bm,Y  .  6  J  and  G  -  (X  ,E  ,Y  ; are 

A  A  A  A  A  B  B  B  B  B 

labelled  directed  graphs.  Then  ♦  -  (*_,♦,♦. )  is  an  LOG  homomorphism  from  G.  into 

A  B  v  A 

G_  if  X  ,  E  and  :  Y.  ♦  Y  .  Furthermore,  for  each 

0  XABEAB  o  A  B 

x  e  and  e  e  E(x), 


(A) 

♦e(E(x))  C 

K(*x(x)), 

(B) 

♦X(e*x)  - 

•E(.)  *  *x(x) 

(C) 

*E(I(x))  - 

I(*x(x)>, 

(D) 

*e(0)  -  0, 

<E) 

VV» 

■  e„<*_(e>). 

B  E 

In  what  follows  we  always  use  the  same  letter  *  to  denote  4^ ,  and  *g . 

Definition  5B.2  *  is  an  LDG  homomorphism  from  GR  onto  G8  if  in  addition  to  the 

conditions  of  proceeding  definition  the  following  are  satisfied! 

(A)  for  each  node  Y  e  XB  there  exists  a  node  x  e  X^  such  that  #(x)  -  y, 

(B)  if  4(x)  -  y  and  f  e  E(y),  then  there  exists  a  path  (e^,***,  e^}  e  Gfc  such 

that 

(i)  e,  e  E(x) , 

(li)  if  x#  *  x  and  xj  “  *j  *  *j-i  for  3  “  1#  **•  >  k»  then 
♦(x^)  *  y  and  4(e^)  ™  I(y)  for  j  «  1,  •••,  k-1. 
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(ill)  4(ek)  -  f. 

The  following  basic  facts  about  IDG  homcmorphisma  follow  Immediately  from  tha 
definitions . 

Lenma  5B .  1  If  P  is  a  path  in  Gk,  and  4  is  a  LOG  hoaoaborphiea  froa  Gk  into  G^, 
then  4(P)  is  a  path  in  GB. 

Lesaa  5B.2:  Suppose  that  4  is  an  LOG  hoaoaorphisa  froa  into  Gjj,  and  4 

satisfies  (B)  of  definition  SB. 2.  Furthermore,  ass  as  that  4  aape  a  generator  of  GA 
onto  a  generator  of  Gg.  Then  4  satisfies  (A)  of  Definition  SB. 2. 

(C)  The  Graph  !*(  A,B) 

Unless  stated  otherwise  we  assume  that  A  and  B  are  fixed  critical  points  of  P 
with  A  <  b  and  f(a)  <  F(B) .  We  also  assiaae  that  there  does  not  exist  a  critical 
point  C  which  satisfies  A  <  C  <  B  and  F(C)  >  F(B) .  In  the  Proposition  2.3  it  was 
shown  that  if  there  did  exist  such  a  C  then  there  could  not  exist  any  A  ♦  B 
connections. 

we  now  introduce  some  notation  which  will  be  used  throughout  the  rest  of  the  paper. 
Let  K  equal  to  the  set  of  critical  points  of  F.  Recall  that  by  a  critical  point  we 
mean  a  value  of  U  where  F  assumes  a  local  maximum.  Furthermore,  to  each  C  e  K  there 
corresponds  an  integer,  denoted  by  C* ,  which  is  determined  by  the  ordering  of  the  values 
of  F  at  the  critical  points.  Let  X(A)  equal  to  the  set  of  critical  points  C  which 
satisfy  F(C)  >  F( A) ,  and  there  does  not  exist  a  critical  point  D  which  lies  between 
A  and  C  such  that  F(D)  >  F(C) .  Hots  that  {A,B}  C  k(A).  Let 
C(A>  -  (c*»  C  e  K(A)}.  Let  K(A,B)  -  {c  I  C  9  K(A)  and  F(C)  <  P(B)},  and 
C(A,B)  -  {c*  :  C  e  K(A,B) } .  Note  that  {A,B>  c  K(A,B).  Let  X  -  K(A)  \  K(A,B), 

V  »  K  \  K( A) ,  C(X)  ■  {c*  »  C  B  X},  and  C(/)  ■  {C*  j  C  e  y).  The  proof  of  Proposition 
2.3  shows  that  if  0  e  V,  then  there  cannot  exist  any  A  ♦  D  connections. 

Let  P(A,B)(U)  be  any  function  which  satisfies  (1.2)  and  whose  set  of  critical 
points  is  equal  to  K(A,B) .  We  also  assume  that  if  C  I  K(A,B),  then 
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F(A,B)(C)  “  F(C) •  Finally,  for  each  poiitive  integer  n,  let  Gn  be  the  graph  generated 
by  the  array  which  haa  the  sequence  of  integers  {n,  n-1,  ....  2,  1,  1,  2,  ...,  n-1,  } 
on  top.  Ws  assise  that  the  generator  of  Gn  has  no  entry  on  its  bottom.  This  implies 
that  each  array  in  Gn  will  have  no  entry  on  its  bottom.  Figure  9  illustrates  Gj  and 


Figure  9 


There  are  now  two  cases  to  consider.  First  assume  that  there  exists  a  critical 

point  C  such  that  C  <  A  and  F(C)  >  F(B) .  Throughout  the  rest  of  the  paper  this  shall 

be  referred  to  as  'case  1".  In  this  case  we  set  T(A,B)  -  G  where  n  -  |K(A,B)|. 

n 

Bare,  |K(A,B)|  denotes  the  cardinality  of  the  set  K(A,B).  For  "case  2",  when  there 

does  not  exist  a  C  such  that  C  <  A  and  F(C)  >  F(B) ,  we  set  T(A,B)  -  G  ,  . .  That 

Ft 

is  r(A,B)  is  equal  to  the  graph  corresponding  to  the  function  F(A,B). 

Of  course,  the  aaawption  A  <  B  la  merely  for  convenience.  If  we  had  A  >  B, 
with  F(A)  <  F(B),  we  would  still  assusw  that  there  does  not  exist  a  critical  point  C 
such  that  B  <  C  <  A  and  F(C)  >  F(B) .  There  would  still  be  the  two  cases  to  consider 
depending  if  there  exists  a  C  such  that  C  >  A  and  F(C)  >  F( B) . 

He  now  state  the  main  result  of  the  paper. 

Theorem  5C.  1 t  There  exists  an  LOG  hoaremorphism,  ♦  ,  from  Gr  onto  T (A,B) . 
Furthermore,  #(Fp)  is  an  admissible  path  in  T(A,B). 
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Throughout  this  section  we  sssum  that  f  has  K  critical  points  and  A  is  ths 


array 

(5D.1) 


A  - 


Ti  v- T. 

B .  B  ••  B 
12  n 


Mots  that  ■  ♦  n 


2M. 


Scswtines  it  will  be  ussful  to  rewrite  A 


(5D.2) 


T.  T  •  •  T 
12  ■ 

T  •*  T  T 
2N  e+2*>-1 


That  is,  ■  Tj  where  j  »  2H  -  1  +  1  for  1  <  i  <  n. 

Let  Yg  «  {0,  1,  2,...,  N) ,  and  suppose  that  S,  and  S2  are  two,  nonaapty 
disjoint  subsets  of  Y^Uo}.  We  say  that  S1  interlaces  S2  in  A  if  there  exists 
integers  s^,  s2>  Sj,  i,j,k,  and  i  with  *  8)'  *j  *  s2*  *3  *  ®2  **4 

1<l<j<k<i<2N  such  that  either 

(a)  st  -  Tit  s2  -  T^ ,  s1  -  Tfc,  and  s3  -  T t> 

(5D.3)  or 


(b)  «2  “  “  Tj'  *3  ”  “d  "i  “ 

If  there  does  not  exist  such  integers  we  say  that  8|  does  not  interlace  8;  in  A» 
that  it  is  possible  that  S1  interlaces  S2  in  A  while  S2  does  not  interlace 
in  A*  For  exaeple ,  let 


A  - 


221 

133 


Note 


8 


1 


S1  -  { 1} ,  and  8j  -  {2,3}.  The  following  result  will  be  used  often  in  the  proof  of 


Theoree  SC. 1 . 


Proposition  5D.1>  C(X)  does  not  interlace  C(A,B)  in  A. 

Proof!  Suppose  that  the  Proposition  is  not  true.  Then  there  aust  exist  critical  points 
C,  D  8  K(A,B)  and  I  9  X.  such  that  {«•}  interlaces  {C*,  D*)  in  A  .  We  assuae  that 
there  exist  integers  i,j,k,  and  t  such  that  C*  -  T^,  I*  “  Tj,  D*  -  T^,  and 


E*  »  Tj.  The  other  case,  (5D.3a),  is  similar .  Me  denote  the  trajectories  \rtiich  T^,  T^ , 

T.  ,  and  T,  correspond  to  as  C(s,6  ),  E(z,0  ),  D(z,0  ),  and  E(z,0  ),  respectively, 
h  l  o  o  o  o 

Let  a(z)  equal  to  the  union  of  the  curves  E(z,0q)  and  E(z,0q) ,  together  with  the 

point  E.  Let  0(z)  be  the  union  of  the  curves  C(z,@  ),  D(z,0  ),  and  the  closed  line 

o  o 

interval  connecting  the  points  C  and  D.  The  assvmption  that  {E*}  interlaces 

{C*,  D*}  implies  that  a(z)  and  0(z)  must  intersect.  Since  F(U)  <  F(E)  for 

(I  e  (C.D) ,  (1.6)  implies  that  a(z)  cannot  intersect  the  line  segment  connecting 

C  and  D.  However,  o(z)  clearly  cannot  intersect  C(z,0  )  or  D(z,8  ),  so  the 

o  o 

proof  is  complete. 

The  proof  of  the  following  proposition  is  quite  similar  to  the  one  just  given. 
Proposition  5D.2:  Let  S  »  C(A,B)\{b}.  Then  {b}  does  not  interlace  S  in  A. 

Finally,  the  following  result  is  of  interest. 

Proposition  50. 3 t  Assume  that  C  C  K(A)  and  DC  V.  Then  there  cannot  exist  any 
C  ♦  D  or  D  ♦  C  connections. 

Proofi  If  C  e  k(a)  and  D  e  Y,  then  there  exists  a  critical  point  E  which  lies 
between  C  and  D  and  satisfies  F(E)  >  MX  (f(C),  F(D)}.  In  the  proof  of  Proposition 
2.3  we  shotted  that  this  implies  that  there  cannot  exist  any  C  ♦  D  or  D  ♦  C 
connections. 


(E)  The  Hap  ♦ 

In  order  to  define  #  it  is  necessary  to  first  introduce  som  more  notation.  We 
assume  throughout  that  F  has  N  critical  points  and  A  is  the  array  given  by  (50.1)  or 
(50.2).  Recall  that  an  array  consists  of  a  top  and  a  bottom  list  of  integers.  Whenever 
we  just  write  one  list  of  Integers  it  will  always  denote  the  top  of  the  array,  with  the 
understanding  that  the  bottom  list  is  empty.  Using  the  representation  5D.2  for  A  we  set 


VwmW 


2H 


(  5e  .  1 ) 


#(A)  -  t,t2 


Recall  that  »  {0, 1,2, . . . ,K> .  if  m  is  any  subaat  of  rR(  we  dafina  M  *  A  to  ba  tba 
array  obtained  by  deleting  tram  A  thosa  alaaants  not  in  n. 

Suppose  that  8  is  any  sat  of  n,  distinct,  positive  in ta gars,  gay 
S  -  {s1,s2,...,sr}.  Wa  danota  by  p  tha  uniqos  function  which  aapa  g  onto 

{l,...,n}  such  that  Pts^  <  p(s^)  if  and  only  if  s^  <  s^.  If  A  is  tha  array  given 
in  ( 5D. 1 )  wa  sat 

.  P >• * «p 
P#A  “  p(B,)***p(B J  * 

We  first  consider  tha  case  whan  there  exists  a  critical  point  C  such  that  C  <  A 

and  r(C)  >  f(b) •  this  was  referred  to  as  "case  1*  in  tha  previous  section.  Recall  that 

In  this  case,  r (A,B)  -  Gr  where  n  is  tha  cardinality  of  tha  sat  K(A,B).  Tha  wap 

i  Y  ♦  Y  is  defined  by 
V?  n  n 

{P(k)  if  k  C  C(A,B) 

0  otherwise. 

wa  define  *(A)  in  two  steps.  First  let 

(5B.3)  ♦1(A)  -  p*  C(A,B)  •  0( A) . 

Suppose  that 

( 5E.4)  4^(A)  ■  s1s2  ...  *2n- 

It  follows  fro*  Proposition  50.2  that  either  “  *2n  “  ■>,  or  there  exists  an  integer  k 
such  that  xk  -  r]t+1  ■  n.  If  s1  *  «2n  "  n,  then  let  be  the  identity  wap  and  define 

«  by 

(SB. 5a)  #(A>  s  A,  •  #t(A)  s  ♦  (A). 

Otherwise,  define  A^  and  4  by 

(5B.5b)  4(A)  5  A1  •  #1<A)  s  s^s^j...*^. 

In  either  case,  it  will  sowetines  ba  convenient  to  reindex  and  write  4(A)  as 
(51.6)  4(A)  -  nlV..n2B. 
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Note  that  • ( A )  e  G  . 

n 

It  remains  to  define  4  on  the  edges.  Suppose  that  e  C  B(A).  If  a  ■  1(A)  we  set 
4(e)  “  1(4 ( A) ) •  So  suppose  that  e  corresponds  to  a  C  ♦  D  connection.  That  is 

6(e)  -  (C*,D*).  If  C*  9  C(A,B)  or  0*  *  C(A,B>,  we  set  4(e)  -  Z(4(A)).  If 

(C*,D*>  C  C(A,B)  we  claim  that  there  exists  an  edge  f  9  E(4(A))  which  corresponds  to  a 
4  (c* )  ♦  4(0*)  connection.  To  see  why  this  is  true,  we  use  the  representation  (50.2) 
for  A.  There  must  exist  an  integer  j  such  that  C*  “  T^  and  D*  ”  Certainly  the 

same  is  true  in  (5B.1).  Since  {c*,D*}  C  C(A,B),  C(A,B)  eliminates  these  integers  of 
0(A)  not  in  C(A,B),  and  p  simply  renumbers  the  integers  of  the  array,  we  find  that 
there  must  exist  an  integer  t  such  that,  in  (5K.4),  -  p(C*)  ”  4(C*)  and 

Xj+^  -  p (D* )  ”  4 (D* ) .  Finally,  recalling  how  (5K.6)  was  obtained  from  (SB. 4)  we  find 
that  there  exists  an  Integer  r  such  that  ■  4(C*)  and  n  ^  ■  4(0*).  This  implies 
what  we  claimed!  that  is,  there  exists  an  edge  f  9  B(4(A))  which  corresponds  to  a 
4(C*)  ♦  4 (D*)  connection.  We  now  set  4(e)  ”  f  . 

We  now  consider  case  2,  assuming  that  there  does  not  exist  a  critical  point  C  such 
that  c  <  A  and  p(C)  >  F(B).  Recall  that  in  this  case  T(a,B)  -  Gr(A  B) •  **  before, 

we  assume  that  the  cardinality  of  the  set  C(A,B)  is  n.  The  map  *g  >  TH  *  Yn  again 
defined  by  (5B.2).  Let  4^ ( A)  be  the  array  given  by  (5E.3)  and  (5B.4).  We  now  show  that 
there  exists  an  integer  k  such  that  k  <  2n  and  -  xk+1  *  n.  From  Proposition  50.2, 
the  only  other  possibility  is  that  r ^  «  *2n  ”  n •  *•  show  that  it  is  impossible  for 
*2n  ”  n*  Choose  C  so  that  C  <  B  and  F(C)  >  F(D)  for  all  0  <  B.  By  assumption 
F(C)  <  F(B) .  Rote  that  C  e  K(A,B).  Now  (1.6)  implies  that  never  Intersects 

the  0-axis  for  all  9.  Since  C  <  B  this  implies  that  on  the  bottom  of  the  array, 

there  cannot  be  a  B*  to  the  left  of  the  C*  which  corresponds  to  C  (s,9),  for  any 
9.  This  means  that  in  4  (A),  the  4  (C*)  which  corresponds  to  C  (s,9)  lies  to  the 

1  1  8W 

right  of  both  of  the  4^(B*).  Since  4^(B*)  -  n,  we  obtain  the  desired  conclusion 
that  xk  -  xk41  -  n  for  soaw  k  <  2n.  We  now  define  A2  and  4  by 

(5E’7)  4(A)  s  A  •  4  (A)  s  ~~~  • 

2n 
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It  reaaina  to  define  •  on  the  edges.  Suppose  that  e  e  B*(A) 


If 


e  e  1(A)  we  let  4(e)  “  I(4(A>>.  So  suppose  that  e  corresponds  to  a  C  ♦  D 
connection.  If  C*  f  C(a,b)  or  D*  4  C(A,B>,  we  let  4(e)  -  I(*(A>).  If 

{C*,D*}  C  CtA, B) ,  a  proof  very  aiailar  to  the  one  given  for  case  1  shows  that  there 
exists  an  edge  f  e  K(4(A>)  which  corresponds  to  a  4(C* )  ♦  4(0*)  connection.  Me  now 

set  4(e)  “  f. 

(P)  Proof  that  4  is  an  LOG  Hoeigaorphlsn  free  Gr  into  T(A.B) 

The  only  condition  of  Definition  SB.1  which  4  does  not  trivially  satisfy  is  (B). 

So  suppose  that  e  e  B( A)  corresponds  to  a  C  ♦  0  connection.  Me  distinguish  the  two 
C*'s  and  two  D*'s  in  A  by  C,,  C2,  0,,  and  02,  respectively.  Asswm  that  e 
corresponds  to  a  C(  ♦  connection. 

Me  first  consider  the  nap  0.  Using  the  representation  (50.2)  for  A  it  follows 
that  there  exists  an  integer  k  such  that  Cj  “  Tfc  and  Dj  *  T^+  ^ .  He  suppose  that 
02  “  Tj.  Clearly  the  saaa  la  true  for  0(A)*  Hence,  it  Bakes  sense  to  say  that  there  is 
an  edge  e1  e  B(0(A))  which  corresponds  to  a  C?  ♦  D1  connection.  Me  dale  that 
(5F.1)  0(a*A)  -  e,  *  0(A)  . 

To  prove  this  note  that  the  only  possible  difference  between  0(e*A)  and  e1*0(A)  is  the 
position  of  the  Cj.  This  is  because  the  only  entry  which  changes  when  applying  e  or 
e1  is  the  Cj.  However,  in  both  cases  is  eoved  to  the  Jaaedlata  right  of  the  02. 

Me  next  consider  the  map  C(A,B).  Me  shall  consider  the  three  cases i 
(a)  C,  4  C(A,B) 

(5P.2)  (b)  C,  e  C(A,B) ,  0,  e  C(A,B> 

(C)  C,  6  C(A,B) ,  0,  #  C(A,B)  • 

If  (5P.2a)  is  satisfied  we  dale  that 

(5r.3a)  C(A,B)*0(A)  -  C(A,8>*0(e*A)  . 


i 


As  before ,  we  need  only  consider  the  position  of  ,  because  it  is  the  only  entry  whose 
position  changes.  However,  since  0  C(A,b),  it  does  not  appear  in  either 

*  A 

C( A,B)  *  6(A)  or  C(A,B)  «  6(e*A). 

Now  suppose  that  (5F.2b)  is  satisfied.  Recall  that  in  0(A),  is  on  the  immediate 

A 

left  of  r>1.  The  sane  is  true  in  the  array  C(A,B)  *  0(A)  since  {c^.D^}  c  C(A,B). 

A 

Hence,  it  makes  sense  to  say  that  there  is  an  edge  e2  B  E(C(a,B)*0(A) )  which  corresponds 

to  a  Cj  ♦  D1  connection.  Note  that 

(5p.3b)  C(a,B)  *  0(e*A)  -  «2  *  C(*,B)  *  0(A). 

This  is  because  in  both  cases  C,  is  on  the  immediate  right  of  Dj. 

Finally  suppose  that  (5F.2C)  is  satisfied.  Recall  that  Di  *  Vi  and  D2  ■  Tj. 


If  j  < 

k  ♦  1,  then 

0(A)  has  the  form 

(5F.4) 

0(A)  -  OD2TC101«  . 

Here  a 

,  Y,  and  S 

are  lists  of  integers.  Note  that 

(SF.5) 

0(e*A>  -  e*(0(A) )  -  oo^YD,*  . 

Let  a' 

A 

-  C(A,B)«a, 

Y*  -  C(A,B)*r,  and  «•  -  C(A,B)  *  «. 

From  Proposition  50. 1  it 

follows 

that  a*  and  6*  are  empty.  Since  e  C(A,B) 

and  D1  0  C(A1B)  it  follows 

that 

(5F.6) 

C(A,B)*0(A)  -  Y 'C, , 

while 

(5F.7) 

C(A,B)*0(e*A)  -  . 

If  k  + 

1  <  J ,  then 

0(A)  has  the  fora 

( 5F.8 ) 

0(A)  -  aC^TD.,0 

where,  as  before,  0 

1,  Y,  and  Y  are  lists  of  integers. 

Then 

( 5F.9 ) 

0(e«A)  -  e* ( 0 ( A) )  -  . 

Letting 

a',  y'»  and  6'  he  as  before,  we  conclude  from  Proposition  50.1  that  Y'  la 

empty. 

Hence , 

(5F.10) 


C(A,B)«0(A)  -  a’C^ 


while 


(5p.11)  C(A,B)*0 (e*A)  -  a'c^fi'  . 

A  A 

Note  thet  if  k  ♦  1  <  J  then  C(a,b)  *B(A)  -  C(A,B)*6(e*A) .  This  is  not  true  if 
j  <  k  +  1. 

He  now  consider  the  asp  p.  It  is  again  necessary  to  consider  the  three  cases  shown 
in  <5P. 2).  Bacall  that  d^A)  =  p  *  C(A,B)  *  0(A).  If  (5F.2a>  is  satisfied  then  (5F.3a) 
holds.  Since  p  is  order  preserving  it  is  clear  that  in  this  case 
(5P.12)  d^A)  -  •1(e*A). 

Next  suppose  that  (5p.2b)  holds.  Then  Cj  is  to  the  iaaediate  left  of  in  the  array 

C(A,B)*6(A).  Therefore,  P(C1>  is  to  the  iaaediate  left  of  P(D^)  in  d^A).  Bence 
there  exists  an  edge  e3  e  S(dj(A))  which  corresponds  to  a  p(C1>  ♦  p(Dl) )  connection . 
Proa  (5F. 3b)  it  follows  that 

(5P.13)  (e*A)  -  «3  *  •, (A)  • 

A  A  A 

Finally,  suppose  that  (S.P2c)  holds.  Let  a  ■  p(a'),  g  “  p(Y'),  and  d  ■  p(S').  If 

J  <  k  ♦  1,  then  (5p.6)  iaplles  that 

(5P.14)  d,(A)  ■  g  P(C,>, 

while  (5P.7)  iaplles  that 

(5P.15)  dj (e*A)  -  P(C,)  g  . 

If  j  >  k  ♦  1,  then  (5F.10)  and  (5P.11)  iaply  that 
(5P.16)  d^A)  -  d^  (e*A)  -  a  P(C,>  d  . 

In  order  to  complete  the  proof  that  d  is  a  LOG  haaoaorphlsa  froa  into 

T(a,b)  we  aust  consider  the  asps  A^  and  A^.  He  shall  consider  the  three  cases  shown 

in  (5r.2)  separately.  First  suppose  that  (Sr. 2a)  holds.  Applying  A1  or  A^  to  both 
sides  of  (SF.12)  it  follows  that  d(A)  ■  d(e*A).  Since,  in  this  case,  d(e)  -  I(d(A>  we 
obtain  the  desired  result,  d(e)*d(A)  “  d(e*A). 

Next  euppose  that  (5P.2b)  holds.  Then  (5P. 13)  is  true.  To  show  that 
d(e*A)  ■  d(e)*d(A)  we  need  only  verify  that  pIC^)  is  in  ths  seas  position  in  both 
arrays.  For  case  1,  P(C^)  will  be  on  the  iaaediate  right  of  plD^)  in  both  arrays. 
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This  is  also  true  in  case  2  if  pfo^)  is  on  th«  top  aid*  of  4(e*A)  or  4(e)*4(A).  Zf 
P(d2>  ia  on  tha  bottom  aid*  of  4(e*A)  or  4(e)*4(A),  than  P(C^)  will  ba  on  tha 
immediate  laft  of  p(Dj)  in  both  arraya. 

Now,  auppoaa  that  (5F.2c)  hold*.  Ha  firat  assume  that  J  >  k  ♦  1.  Than  (5F.16) 
holda.  That  ia,  4^  A)  “  *1(e*A).  Applying  or  Aj  to  both  aidaa  of  this  idantity 

wa  find  that  4(A)  -  4(e*A).  Since  4(e)  “  I (• (A > >  we  conclude  that 
4{e*A)  -  4(e)*4( A) . 

Finally,  auppoaa  that  (SF.2c)  holda  and  J  <  k  ♦  1.  Ha  firat  conaider  caae  1. 
Suppose  that  g  -  g1g2...gr.  Tha  aantence  between  (5b. 4)  and  (5B.5a>  lepiiaa  that  either 
g^  »  pfC^)  ■  n,  or  there  exiata  an  integer  1  auch  that  gA  ”  gi+1  “  n.  Firat  assume 

tha  latter.  Than  (5F.14)  and  tha  definition  of  A^  imply  that 

♦(A)  -  gi+1  gi+2  —  g/CC,)  g,  •••  *L  . 

Since  4(a)  -  I(4(A>)  wa  conclude  that 

4(a)  *  4(A)  -  g1+1  gy  ptCj)  gt  •••  g±  . 

Oaing  (5F.15)  wa  conclude  that  4(e*A)  "  4(a)  *  4(A).  If  g1  “  p(C1>  “  n,  than  (5F.14) 
and  (5F.15)  ieply  that 

4(e*A)  *  4(a)  •  4(A)  *  n  g?  g}  •  •  •  g^  n  . 

To  complete  tha  proof  that  4  la  a  LOG  homomorphism  froe  G?  into  Ha, 8)  we  ahow 

that  it  la  iepoaaible  to  have  caae  2  together  with  (5F.2C),  j  <  k  ♦  1.  To  prove  thia, 

chooaa  B  <  B  ao  that  F(B)  >  F(U>  for  all  U  <  B.  By  definition,  B  e  K(A,B).  Note 

that  B^fi.G)  can  never  croaa  the  0  axia.  Thia  followa  from  (1.6)  and  the  fact  that 

F(0)  <  F(B)  for  all  U  <  B.  Since  we  are  in  caae  2  and  D  6  K(A,B),  it  followa  that 

D  >  8  >  B.  Therefore,  if  for  a owe  8,  D  (*,8)  or  D  (*,9)  leavea  through  the  bottae 

HE  ™ 

aide  of  R,  it  aust  neceaaarily  croaa  to  the  right  of  B^ftjS).  let  B1  be  the  entry 

in  A  which  correaponda  to  <  t ,  9 ) .  He  conclude  that  I.  t  i  where  A  la  aa  in 

(5F.4).  If  thia  were  true,  however,  then  (5F.4)  would  imply  that  {D*}  interlaces 
{c* ,  b#)  in  A .  That  ia,  {o*}  interlaces  {C(A,B)}  in  A.  Proposition  5D.1  gives 
the  desired  contradiction. 
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Ha  begin  by  verifying  condition  (B)  of  Definition  SB. 2.  Let  y  be  •  node  in 


r(A,B)  and  f  e  E(y ) .  Assume  that  *(A)  -  y.  Furthermore,  assume  that  f 

*  -1  *  -1  * 
corresponds  to  a  C  ♦  D  connection.  Let  C*  “  ♦  (c)  and  D*  *  ♦  (D).  We  consider  a 

nuaber  of  cases  depending  on  the  relationship  between  C*  and  D*  in  the  array  A.  Me 

assusw  throughout  that  A  is  written  as  in  5D.2,  with  C*  ■  and  D*  *  Tfc.  The 

following  six  cases  describe  all  the  possible  ways  for  #(A>  “  y. 

a)  j  <  k  <  a,  and  T±  t  C( A,B)  for  j  <  i  <  k, 

b)  a  ♦  1  <  j  <  k,  and  t  C(A,B)  for  J  <  i  <  k, 

(56.1) 

c>  j  <  a  <  k,  and  t  C( A,B)  for  j  <  i  <  k, 

d>  k  <  a  <  j,  and  T£  t  C( A.B)  if  1  <  i  <  k  or  }  <  i  <  2N. 

e)  k  <  j  <  a,  and  t  C( A.B)  if  j  <  i  <  2H  or  1  <  i  <  k. 

f)  a  +  1  <  k  <  j,  and  ^  f  C(A,B)  if  j  <  i  <  2H  or  1  <  i  <  k. 

Since  two  entries  in  A  equal  to  C*  and  two  equal  D*,  we  assuae  that  Tj  “  C,  and 
Tk  ■  D|.  This  will  allow  us  to  distinguish  the  C*  and  D*  of  interest. 

Suppose  that  (56.1a)  holds.  He  wish  to  prove  that  there  exists  a  finite  sequence  of 
connections,  all  of  which  are  mapped  by  ♦  to  Z(y),  followed  by  a  C1  ♦  D< 
connection.  Of  course,  if  k  «  J  ♦  1  then  there  is  nothing  to  prove,  so  we  assixM  that  k 
>  J  ♦  1.  Choose  i  so  that  j  <  t  <  k,  C^  <  and  C,  >  for  J  <  i  <  t.  He 
assusw  that  t  +  k.  The  other  case  will  be  treated  shortly.  Consider  the  sequence  of 
connections 


(56.2)  Tt-1  ♦  Tf,  Tt_2  ♦  »t,  ...  ,  TJ+1  ♦  Tt  . 

Mote  that  all  of  the  edges  corresponding  to  these  connections  are  mapped  to  I(y).  How 

T,  ■  T  for  seme  p  +  (.  From  the  definition  of  t  it  is  clear  that  P  4  (j,*)- 
*  P 

Hence,  after  the  sequence  of  connections  shown  in  (56.2)  we  find  that  C ^  is  on  the 
iwaediate  left  of  T^.  Since  T^  4  C(A,B),  Proposition  5D.3  implies  that  e  C(X). 
Proposition  5D. 1  then  implies  that  p  e  (t ,k) .  He  then  take  the  C^  ♦  connection. 


After  this  connection  Ct  is  stili  to  the  left  of  D1.  There  ie  still  no  element  of 
C(A,B)  between  C,  and  D^.  However,  the  number  of  integers  which  lie  between  C,  and 
D1  has  decreased  by  at  least  two.  Continuing  this  process  we  eventually  arrive  at  an 
array  of  the  form 


C1  ala2 


The  dots  denote  integers  in  the  array.  Bach  satisfies  <  C^.  We  then  take  the 

sequence  of  connections: 


(56. 2)  ♦  D1  ,  a<_1  *  Dt  ,  ...  ,  a,,  ♦  D1 . 

We  can  then  take  the  desired  ♦  D  connection. 

The  proof  for  case  (56.1b)  is  quite  sisilar  to  the  one  just  given.  Mow  assume  that 
(56.1c)  is  satisfied,  bet  E  be  the  critical  point  which  satisfies  B  >  B  and 
F(E)  >  F(0)  for  all  U  >  B.  Then  8^(1, 8)  never  crosses  the  D  axis  for  any  value  of 
@.  This,  together  with  Proposition  SD.1  implies  that  there  exist  integers  r  and  s 
such  that  E*  -  Tf  ■  T>f  j  <  r  <  ■  and  ■  +  1  <  s  <  k.  The  proof  now  proceeds  as  in  the 
proceeding  cases.  The  existence  of  B  guarantees  that  eventually  we  can  push  C1  to  the 
bottom  side  of  the  array,  after  which  we  are  in  the  situation  of  case  (56.1b). 

* 

Next  assume  that  (56. Id)  holds.  For  case  one,  when  there  exists  a  critical  point  C 

*  A 

with  C  <  A  and  F(C)  >  F( A) ,  the  proof  ia  quite  similar  to  the  one  just  given.  One 
proves  that  there  exists  a  critical  point  B  and  integers  r  and  s  such  that  B  <  A, 
F(B)  >  F(B),  b*  -  Tr  -  Tb,  j  <  r  <  2N  and  1  <  s  <  k.  We  are  then  able  to  push  C,  to 
the  top  of  the  array  ao  we  are  in  the  situation  of  (5G. la). 

Mow  assume  that  (56. Id)  holds  and  we  are  in  case  two.  Choose  r  and  s  so  that 
r  <  s  and  Tf  ■  Ts  ■  B*.  From  Proposition  50. 2  it  follows  that  k  <  r  <  s  <  J.  If  this 
is  true,  however,  it  ia  impossible  for  8(C^ )  and  8(0^ )  to  be  adjacent  Integers  in  y. 
Hence,  (56. Id)  is  impossible  for  case  two. 

A  similar  proof  shows  that  (56. 1e)  and  (56. If)  are  impossible  for  case  two.  The 


proof  for  case  one  is  similar  the  proceeding  proofs.  If  (56. la)  holds  for  case  one,  than 
one  shows  there  exists  critical  points  B,  and  B2,  and  integers  r,,  s,,  r2,  and  s2 


•uch  that  E*  -  T  -  T  ,  E*  -  T  «  T  ,  E  >  B,  E  <  A,  E.  >  B*,  E*  >  B*, 
rl  “l  2  2 

j  <  r1  <  a,  ■  1  <  a1  <  »2  <  2N,  and  1  <  r2  <  k.  This  implies  that  we  can  posh  C, 

in  a  clockwise  fashion  around  the  array  until  we  are  in  the  situation  described  by 
(5G. la).  A  similar  analysis  works  if  (5G.1f)  holds. 

To  complete  the  proof  that  •  is  an  LOG  homomorphism  from  G,  onto  r<A,B)  ws 
show  that  a  generator  of  G?  is  mapped  to  a  generator  of  I*(A,B) .  We  may  then  apply 
Leona  4b. 2.  There  is  no  problem  for  case  two,  when  r(A, B)  ”  G^(A,B).  For  case  one, 

T(A,B)  -  G  .  We  prove  that  every  node  in  G  is  a  generator  for  G .  This  is  done  by 
induction  on  n.  The  result  is  clearly  true  for  n  -  2,  since  there  is  only  one  node  in 
Gj.  Now  assume  the  result  is  true  for  G^,  and  let  A  and  8  be  two  arrays  in  Gn. 
we  must  prove  that  there  exists  a  patn  from  A  to  8 .  Suppose  that 


and 


nA  •  •  •  •  A  n 

n  A1  *2n-2  " 

n  B1  •••*  B2n-2  n  ’ 


A  proof  similar  to  the  proof  of  Proposition  5D.1  shows  that  {n-l>  does  not  Interlace 
{1,  ....  n-2)  in  either  A  or  8  .  Hence,  either  A1  -  *2n-2  *  or  **•*»  “ 

integer  J  such  that  A^  -  AJ+1  -  n-1.  Similarly,  either  B,  -  B2b_2  -  n-\  or  there 
exists  an  integer  k  such  that  B](  ■  B)t+1  »  n-1.  Suppose  that  there  exists  an  integer 
j  such  that  Aj  ■  A^+1  -  n-1.  Consider  the  path,  P1 ,  consisting  of  the  series  of 
connections 

A2n-2  *  n  '  A2n-3  *  *»  '  —  '  AJ«  *  n  '  Aj+1  *  B* 

Then  P^»  A  has  the  form 

P. •  A  -  n  n-1  •••»  n-1  n 

If  a,  -  A2n_2  -  n-1  we  set  P,*  A  -  A.  if  B,  -  B^.j  -  n-1  we  use  induction  to 
conclude  that  there  exists  a  path  P2  such  that  P2*(Pj*A)  -  8.  If  not,  we  use  induction 
to  conclude  that  there  exists  a  path  P2  such  that 

P2MP,*A)  -  n  n-<  B^2  —  BJn_2  B,  B2  -.  Bk_, 

Now  let  Pj  be  the  path  consisting  of  the  connections 


n-1  n 


n-1  ♦  n  .  Bk_1  ♦  n  ,  Bk_2  +  n  ,  •••  ,  B,  +  n. 

We  than  have  Pj*(Pj*(P1*A)  )  ■  6. 

H)  Proof  that  ♦  (Pr)  1»  an  Admissible  Path  In  I*(A,B) 

Mi  use  the  same  notation  as  in  the  previous  section.  That  is,  y  is  a  node  in 
r (A, B) ,  f  e  B(y),  and  4(A)  ”  y.  Furthermore,  f  corresponds  to  a  C  ♦  D 

connection.  Let  C*  •  4  1 (C)  and  D*  -  4  1 (D) .  As  before  A  is  given  by  5D.2.  We 
aasuse  that  C*  -  and  D*  -  .  of  course,  two  entries  in  A  equal  to  C*  and  two 

equal  to  D*.  Here  and  Tk  equal  to  the  entries  which  are  sapped  to  the 

C  and  D  of  the  C  ♦  D  connection.  As  state  that  A  is  the  array  associated  with  the 
phase  plane  determined  by  (1.3)  with  speed  0^.  We  must  show  that  there  exists  a  C  ♦  D 
connection  for  sosm  speed  0  <  0q.  The  proof  is  broken  up  into  the  six  cases  shown  In 
(5G.1). 

First  assume  that  (SG.Ia)  holds.  The  proof  is  quite  similar  to  the  proof  of 
Proposition  2.1  given  in  Chapter  1,  Section  D.  Let  Pc  and  Pd  be  the  points  on  the 
boundary  of  R  corresponding  to  Tj  and  T^.  We  denote  the  trajectories  on  which  Pc 
and  Pd  lie  by  c(x)  and  D(z),  respectively.  As  in  the  proof  of  Proposition  2.1  we 
consider  the  eight  cases > 

(a)  C  <  0,  C(z)  -  CjjjU-O,)  ,  D(x)  -  DOT(x, 0Q)  , 

(b)  C  <  D,  C(s)  -  C_,(*,6  )  ,  D(z)  -  D  (z,0  )  , 

SW  O  NE  O 

(c)  C  <  D,  C(x)  -  C._{z,0  )  ,  D(r)  -  D_,(z,0  )  , 

NE  O  SW  O 

(d)  c  <  d,  c(s)  -  c_,<z,0  ),  b(s)  -  o  (z,e  )  , 

SW  O  SW  o 

(5H.  1 )  (e)  C  >  D,  C(z)  -  C„_(z,0  ),  D(Z>  -  D,_(z,0  )  , 

WE  O  IfE  O 

(f)  c  >  o,  c(z)  -  c__(z,0  ),  o(s)  -  D_(*,e„)  , 

(g)  C  >  D,  C(z)  -  C(JB(*,eo),  D(z)  -  Dsm(s,0o)  , 

(h)  C  >  D,  C(s)  -  C__(z,0  ),  D(z)  -  D__(z,0  )  . 

SW  O  SW  o 

For  the  time  being  we  assume  that  (5H.1a)  holds.  As  in  the  proof  of  Proposition  2.1,  we 

follow  c(  z)  and  D(z)  backwards  from  Pe  and  Pd  and  find  that  there  exists  a 

verticle  line  t,  given  by  0  “  P,  for  some  P,  and  numbers,  y  and  y  _,  such  that 

c  a 
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1 


u>  yc  >  ifd  >  o 

(SR. 2)  (b)  C(x)  crosses  1  st  (P,Y  ) ,  snd  D(t,8  )  crosses  1  st  (P,Y.) 

C  nw  o  a 

(c)  C(  z)  end  D  (z,0  )  do  not  cross  t  st  sny  other  value  between  Y 
mf  o  c 

end  Yd. 

* 

For  6  >  0,  let  C(s,0)  -  Cug1*'®*'  D<*»®>  “  4nd  D<*»®>  *  For  0 

sufficiently  close  to  0q  we  define  functions  Yfi(0)  sad  Yg(®)  to  be  the  V 
coordinate  of  the  places  where  C(*,8)  and  D(s,8)  cross  i.  Proposition  2.1  was  proved 
by  showing  that  if  ®1  is  chosen  so  that  <  0Q  and  no  C  ♦  D  connections  exist  for 
0  e  (8.,0  ),  then  y  (6)  and  Y.(8)  can  be  chosen  to  be  continuous  functions  for 

1  O  C  a 

6  e  (9.,9  ).  unfortunately,  this  say  not  be  true  now.  We  dale,  however,  that  if  no 
I  o 

C  ♦  D  connection  exists  for  6  e  (0,,0  ),  then  for  6  C  (6,  ,6  ),  Y  (0)  and  Y.(0)  can 

i  o  loc  a 

be  chosen  so  that  (SB. 2)  holds  with  y  replaced  by  Y  (0)  and  y  replaced  by 

c  c  a 

Yd<e>. 

Assism  throughout  that  no  C  ♦  0  connection  exists  for  0  «  (0^,0  ).  There  is  no 

problea  In  showing  that  Y  .(0)  is  continuous  in  (0, ,0  ) .  Before  discussing  what  say 

a  i  o 

happen  to  Yc(0)  we  introduce  saate  Mrs  notation.  Suppose,  for  the  aoaent,  that  Yc(®> 
is  continuous  for  0  B  (0^,0^).  For  0  0  (0^,6°)  choose  1^(8),  *j(0).  s}(0)f  and 
s4<0)  so  that  Ctx^ej.O)  -  <P,Yc<6)),  C(s2(0),0)  -  Pc,  D(s3<0>,0)  -  (P,Yd(0)),  and 
D(x4<0),0)  -  Pj.  Here  Pc  and  Pd  denote  the  points  on  the  boundary  of  P  where 

A 

C(z,9)  and  D(s,6)  first  leave  R.  bet  1(0)  be  the  portion  of  1  with 
Y  (®)  <  V  <  y.(0).  bat  K(0)  be  the  union  of  the  curves  C(s(8),8)  for 

C  a 

s^e)  <  X  <  Zj(8) ,  d(s(8),8)  for  *3(0>  <  s  <  •,  D(s(8),6)  for  —  <  s  <  *4<0),  and 

A 

1(8).  Then  K(0)  divides  R  into  two  parts  which  we  denote  by  Rj(0)  and  R^O). 
bet  B1(8)  and  B2(8)  be  the  portions  of  the  boundary  of  R  which  lie  in  the  closure  of 
R1(8)  and  R2(8),  respectively.  We  sssuae  that  R^(8)  is  the  region  which  satisfies 
the  property  that  a  trajectory  which  crosses  1(0)  Bust  thereafter  resuiin  in  R^ (8 ) 
until  it  crossed  8^(0).  Mote  that  converse  is  also  true.  That  is,  if  a  trajectory 

A 

leaves  R  through  8^(0),  then  it  oust  have  crossed  1(6). 


t 
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NOW  ass 


that  Y  (0)  Is  continuous  for  8  C  (8, ,8  ),  bat  discontinuous  at 
C  1  o 

9  •  8^.  Aon  there  exists  •  C  ♦  X  connection  with  apood  8^  for  acme  critical 

point  B.  Of  course,  thia  conn  action  involves  aa  opposed  to  C^ts.6  ^) . 

tat  Y  (8.)  -  limit  y  (8).  From  Laaaa  31.1  it  followa  that  thia  limit  exi at a.  sinca 
C  1  8  -  8  c 

y  (9)  ia  discontinuous  at  8  ■  8  ,  (P,y  (8  >>  liaa  on  aithar  B__(a,9.)  or 
c  i  c  i  n  i 

E  (a.8  >,  aa  opposed  to  B^tx.S^)  or  Bgjta.8^).  Aasuam  that  tha  unatabla 

trajectory  on  which  (P,Y  (8.))  liaa  ia  B_.(x  ,9. ) .  Tha  other  caae  ia  aieilar .  Prom 

C  1  811  1 

the  proof  of  Proposition  2.2.  we  conclude  that  there  exiata  a  4  >  0  auch  that  for 
9f  <  9  <  +  4,  croaaea  i{8).  Bence.  I^li.S)  leaves  R  through 

Bl  (0).  Proai  the  proof  of  Propoaition  2.3  we  conclude  that  for  8  leaa  than,  but  cloae 
to  8^,  c(  r ,9)  liaa  aa  cloae  aa  we  wiah  to  .  We  claim  that  for  8  greater 

than,  but  cloae  to  8^,  croaaea  l<8). 

The  firat  atep  in  proving  thia  la  to  a how  that  E*  >  D*.  note  that  B*  >  C* .  Thia 
ia  because  there  exiata  a  C  ♦  B  connection.  Suppoae  that  B*  <  D*.  Chooae  8^  equal 
to  the  aupremtm  of  all  value  a  of  8  for  which  8  <  8q,  and  there  exiata  a  critical 
point  H  which  aatiafiea 

a)  C*  <  M*  <  D*,  and 

b)  either  or  K^li.l)  leaves  R  through  8^(9). 

By  aaaiaiptlona,  8^  <  8^  <  9^.  Since  8j  ♦  6^,  there  must  exiat  an  N  ♦  Q  connection 
with  apeed  9^  for  aoma  other  critical  point  Q.  Now  there  exiata  a  4^  >  0  auch  that 
for  82  <9  <9^+4^  one  of  tha  unatabla  trajectoriea  from  M,  aay  N(a.9),  leaves  R 
through  B2,  while  for  e2  ~  <  ®  <  leaves  R  through  Bj.  Propositions 

2.2  and  2.3  imply  that  for  8  »  9j,  one  of  the  unstable  trajectories  from  Q  leaves  R 
through  B1,  while  the  other  leaves  R  through  Bj.  Banco  {Q*}  interlaces  {C*,D*} 
for  the  array  with  speed  8^.  Prom  Proposition  SO. 1  we  conclude  that  C*  <  Q*  <  D*. 
This,  however,  contradicts  the  way  8^  and  M  ware  chosen. 

Baving  shown  that  B*  >  D*  and  1^11,9)  leaves  R  through  B,  for 
9  e  (9  ,9  +  4),  we  can  apply  Proposition  50. 1  to  conclude  that  E  (s,9)  leaves  R 

I  i  NB 
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through  for  8  e  (8^,8^  +  6).  Therefore,  ^(1,6)  cross** 

A 

1(6)  for  8  e  (8^8^+fi).  By  choosing  4  sufficiently  small  w*  My  asa«e  that 
C(z,8)  is  as  closa  as  ws  plsasa  to  *^(*,8^)  for  8^  -  4  <  8  <  8^.  Thar* fora, 

A 

C(s,8)  aust  cross  1(9^  for  8f  -  4  <  8  <  9(.  That  is,  Yc<8)  can  bs  chosan  so  that 

Yc(8)  >  Y^ffl)  for  8^  -4  <8  <  6^.  This  completes  the  proof  that  if  no  C  ♦  D 

connection  exists  for  8  e  (8,8),  thsn  Y  (8)  and  y.(8)  can  be  chosen  so  that  (51.2) 

I  O  C  <1 

is  satisfied  with  Yc  end  rd  replaced  by  Yc<8)  and  Yd<®>,  respectively. 

what  we  have  shown  is  that,  in  some  sense,  as  long  as  no  C  ♦  D  connection  exists, 
CHE<*'0)  lle*  ehove  D(W<s,6) .  However,  using  the  fact  that  C*  <  D*,  we  find  that 

Cggfx.O)  lies  below  Dne(*,0).  This  shooting  argument  collates  the  proof  of  the 
Theorem  for  the  case  when  (SG.Ia)  and  (SR.Ia)  hold. 

Still  assisting  that  (SG.Ia)  holds,  we  only  say  a  few  words  about  the  proofs  for  the 
other  cases  shown  in  (SH.1).  The  proof  for  cases  (SH.Ib),  (5H.1g),  and  (5H.1h)  are  quite 
similar  to  the  one  just  given.  Just  as  in  the  proof  of  Proposition  2.1,  one  shows  that 
cases  (5H.1c,d,e,  and  f)  are  impossible. 

We  must  still  consider  the  other  case*  Shown  in  (56.1).  However,  the  proofs  for 
these  cases  are  really  no  different  then  the  one  just  given.  The  reason  is  that  the  main 
assumption  used  about  the  array  A  in  the  proceeding  proof  is  that  if  we  start  at  Tj 
and  move  in  the  clockwise  direction  around  the  array  until  we  reach  Tk,  then  every 
integer  we  pass  is  not  in  C(A,B) .  This  is  true  for  every  case  shown  in  (5G.1). 

|6.  Conclusions 

We  now  demonstrate  how  the  directed  graphs  are  used  to  determine  how  many  connections 
exist  between  two  fixed  criticel  points.  Given  A  and  B,  with  P(A)  <  r(B),  the 
results  discuss  whether  there  must  exist  aero,  exactly  one,  a  finite  number,  or  an 
infinite  nusber  of  A  ♦  B  connections.  One  trivial  result,  which  was  proved  earlier,  is 
that  if  there  exists  a  critical  point,  C,  which  lies  between  A  and  I,  and  P(C)  >  r(l), 
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than  there  cannot  exiet  any  A  ♦  B  connections.  So  we  atiuee  throughout  this  section 
that  such  a  critical  point  C  does  not  exist.  For  convenience  we  assume  that  A  <  B. 
He  first  assume  that  there  does  exist  a  critical  point  D  such  that  D  <  A  and 


F(D)  >  F(B) .  This  was  referred  to  as  case  one  earlier.  Recall  that  in  this  case 

r<A,B)  -  G  where  n  -  |K(A,B)|.  He  prove  that  if  n  -  2  or  n  -  3,  then  there  must 

n 

exist  an  infinite  nissber  of  A  ♦  B  connections. 

If  n  -  2,  then  r(A,B)  -  G2  which  is  shown  in  Figure  9a.  According  to  Theorem  50. 1 
there  exists  a  LOG  homomorphism  from  6p  onto  Gj.  Hots  that  4(A*)  ”  1  and 
•  <B«)  -  2.  To  prove  that  there  exists  an  infinite  number  of  A  ♦  B  connections,  it 
suffices  to  prove  that  4(Pp),  the  image  of  the  path  corresponding  to  F,  contains  an 
infinite  nissber  of  1*2  connections.  This  is  clear,  however,  because  G2  consists  of 
only  one  node  and  one  edge  which  begins  and  ends  at  that  node.  Because  ♦ (Pp)  ie 
admissible,  it  is  forced  to  keep  going  around  the  loop  an  infinite  number  of  times. 

Now  suppose  that  n  -  3.  Suppose  that  K(A,B)  “  {a,c,B>.  Then  there  exists  a  graph 
homomorphism,  ♦,  from  Gp  onto  G^  such  that  *(A»)  -  1,  *(C* )  ”  2,  and  *(B*)  -  3. 

It  follows  that  there  exists  an  infinite  number  of  A  ♦  B  connections,  if  we  can  show 
that  the  path  4(Pp)  contains  an  infinite  nwber  of  1*3  connections.  Since 
|K(C,B) 1*2,  *(Pp)  must  contain  an  infinite  nimbsr  of  2*3  connections.  Considering 

Figure  9b  this  implies  that  0(Pp)  must  be  at  the  node  321123  or  the  node  322113  an 
infinite  ntmtiber  of  times.  If  4(Pp)  is  at  the  node  321123,  then,  because  *(Pp)  is 
admissible  and  a  2*3  edge  branches  from  321123,  ♦ (Pp )  must  be  at  322113  an  infinite 

number  of 

times.  Since  a  1*3  connection  branches  from  322113  we  conclude  the  desired  result 

that  4(Pp)  contains  an  infinite  mmber  of  1*3  connections. 

It  is  natural  to  ask  how  many  A  *  B  connections  exist  when  T(A,B)  ”  G  for 

n 

1 

n  >  3.  He  do  not  know  the  answer  to  this  question  for  the  following  reason.  Suppose 
:  that  n  -  4.  In  (6.1)  we  give  an  example  of  a  subpath  in  G4  which  does  not  contain  any 

t  1*4  connections. 
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42331124 


1-2 

1*2 


42113324  - > 


(6.1) 


2  ♦  4 
3*4 


•> 


1  ♦  3 
1  *  3 


> 


43221134 

43112234 


1  ♦  3 


43112234 

43311224 


2*3 

2*3 


2*4 


43221134 

42331124  - >  •  •  • 


Kota  that  the  first  and  last  arrays  shown  are  the  same,  zf  m  keep  repeating  the 

aubpath  shorn,  than  the  resulting  path  contains  an  infinite  n unbar  of  3  ♦  4,  2  ♦  4, 

2  ♦  3,  1*3,  and  1*2  connections.  By  writing  out  tha  entire  graph,  G4,  we  find  that 

(6. 1 )  gives  an  adaissible  path  in  G4.  This  eases  to  ieply  that  there  nay  not  exist  any 

A  *  b  connections  if  F(A,B)  *  G^.  However ,  we  do  not  know  if  there  actually  is  a 

function  f  such  that  the  path  corresponding  to  F  is  the  one  shown  in  (6.1).  Mote  that 
it  is  also  possible ,  in  fact  easier,  to  construct  atbiissible  paths  in  G4  for  which  there 
exists  an  infinite  maaber  of  1*4  connections. 

We  now  aasusM  that  if  C  <  A,  then  r(c)  <  F(B).  Ms  first  show  that  if  there  does 
not  exist  C  such  that  A  <  C  <  B  and  F(C)  >  F(A>,  then  there  eust  exist  at  least  one 
A  *  b  connection.  Suppose  that  <1  is  the  generator  of  Gp,  and 


t  t  •  *  #  T 

. 


The  assoeption  that  there  does  not  exist  a  C  such  that  A  <  C  <  B  and  F(C)  >  P(A) 
i spiles  that  there  exists  an  integer  k  such  that  6(A*>  *  T.  and  4)(B*)  -  t  Since 

*(Pp)  is  a  dales ibis  it  eust  oontaln  a  Tfc  ♦  connection.  Bence,  Pp  eust  contain 

an  A  *  B  connection.  Zf  r(0)  <  F(A)  for  all  D  <  A  then  the  A  *  B  connection  is 

unique.  This  is  because  T(A,B)  is  the  graph 

12 

12 

J  1*2 
2 

Til 
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If  thara  does  mist  C  such  that  A  <  C  <  B  and  F(C)  >  F(A),  than  thara  aay  or 


aay  not  exist  an  A  ♦  B  connection.  For  axanpla,  suppose  that  F  as  shown  in 
Figure  10  a. 


! 

| 


Figure  10 


The  graph  corresponding  to  F  is  shown  in  Figure  10b.  From  the  result  just  proved  we 
conclude  that  there  axist  exist  unique  1*2  and  2*3  connections,  the  graph 
corresponding  to  F  demonstrates  that  there  exists  a  1*3  connection  if  and  only  if 
the  speed  of  the  1*2  connection  is  less  than  the  speed  of  the  2*3  connection. 

If  there  doee  not  exist  a  critical  point  D  such  that  D  <  A  and  F(D)  >  F(A) , 

then,  as  we  now  prove  there  can  exist  at  most  one  A  *  B  connection.  The  assissption 

that  F(0>  <  F(B)  for  all  0  <  B,  and  (1.6>,  implies  that  Bw<s,8)  never  crosses  the 

0  axis.  It  always  leaves  R  through  its  bottom  side.  Similarly,  always 

leaves  R  through  its  bottom  sids,  never  crossing  the  0  axis.  Suppose  that  the  array 

for  some  value  of  0  is  given  by  A<8).  Ne  also  assume  that  an  A  *  B  connection 

exists  with  speed  0  .  For  8,  a  bit  smaller  than  9  ,  A(8)  has  the  form 

o  ■  o 


1(9  )  ■  ■  -  - 1. 
*1  ...a  ..A, 


2  V 
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Her*  A1  correspond*  to  A^ts,®^,  A2  correspond*  to  A^ts.fij )  and  B,  corresponds 

to  B  (s,8  ).  If  we  let  0  be  the  asp  defined  in  the  previous  chapter  and  B, 

Sw  I  * 

correspond  to  then  0*A<61>  has  the  fore 

0*A<©1)  -  •  •  •  B2  •  •  •  B1*2  •  •  •  • 

Mote  that  for  all  9,  A,  always  lies  to  the  right  of  Bj,  B,,  and  A2  In  0*A(0>. 

Me  wish  to  show  that  there  cannot  exist  another  A  ♦  B  connection,  this  is  only 

possible  if  A  j  is  on  ths  1  seed  late  left  of  a  B  in  0*A(0)  for  sees  9  <  6  .  The 

only  way  A1  can  get  to  the  left  of  one  of  the  B's  if  there  exists  a  D  such  that  for 

km  8  <  8  /  B*A(8)  has  the  fora 
o 

a)  •  •  •  D*  B  •  •  •  B  •  •  •  AjD*  •  •  •  A|  •  • 
or 

b)  •  •  •  •  lj  •  •  •  D*  B^  •  •  IjD*  •  •  A1  ••  . 

In  either  ease,  {o*}  Interlaces  {A*}.  the  proof  of  Proposition  50.1  shows  that  this 
is  iapossible. 

Now  suppose  that  p(C)  <  P(B)  for  all  C  <  B,  but  there  does  exist  a  critical 

point  D  <  A  such  that  P(D)  >  P(A).  Then  there  any  exist  a  finite  nabet  of  A  ♦  B 

connections.  This  is  illustrated  in  Figure  8  where  one  sees  that  there  aay  exist  a  finite 

nuaber  of  1  ♦  3  connections.  To  prove  that  there  cannot  exist  *n  infinite  nuaber  of 

A  ♦  B  connections  we  note  that  there  aust  exist  a  D  ♦  8  connection  for  sane  positive 

speed,  say  8  «  8  .  It  follows  froa  Proposition  2.4  that  there  can  exist  at  aost  a 
o 

finite  number  of  A  ♦  B  connections  with  speed  greater  than  0Q.  A  proof  very  similar 
to  the  on*  given  in  the  proceeding  paragraph  iaplies  that  there  cannot  exist  any  A  ♦  B 
connections  with  speed  less  that  8fl.  Renee,  there  can  exist  at  aost  a  finite  nvsber  of 
A  ♦  B  connections. 
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